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1 Set theory

1.1 Reveiew
Definition 1.1. Set is a collection of distinct objects.
Here are some properties of a set:
e {apple, 2, {3}} is a set.
o If x isin A, we write x € A. If not, we write z ¢ A.
e J is an empty set.

e Note that order or repeated elements are not important: {1,2,3} =
{3,1,2} and {1,1,1,2,2,3} = {1,2,3}.

Definition 1.2. Let A and B be sets. B is a subset of A if forallz € B, x € A
and we write B C A. B is a proper subset of A if B is a subset of A but B # A
and we write B C A.

Theorem 1.1. A and B are equal if and only if B C A and B C A.
Example 1.1.1.

e N is a set of natural numbers: {0,1,2,3,...}.

e 7 is a set of integers: {...,—2,-1,0,1,2,...}.

e Q is a set of rational numbers.

e R is a set of real numbers.

e C is a set of complex numbers.

Definition 1.3. Universal set U contains all elements.

Let A and B be sets. Then, we can define the following:
Definition 1.4 (Intersection). ANB ={z|z € A and xz € B}.
Definition 1.5 (Union). AUB ={x|z € A or z € B}.
Definition 1.6 (Complement). A’ = {z|xz €U and x ¢ A}.

Definition 1.7

(
(
(Set difference). A — B ={z|xz € A but x ¢ B}.
(

Definition 1.8 (Cartesian product). A x B = {(a,b)|a € A,b € B}.
Example 1.1.2. Let A ={0,1} and B = {dog, cat}. Then,
A x B ={(0,dog), (0, cat), (1,dog), (1, cat) }

Theorem 1.2 (DeMorgan’s Laws). Let A and B be sets. Then,



e (AUB) =A'NnB.
e (ANB) =A"UB.

Proof. To show that (ANB)" = A'UB’, we want to show that (ANB)’ C A’'UB’
and A’ UB' C (AN B)".

First, let € (AN B)’. Then, X ¢ (AN B). So either x ¢ A or z ¢ B.
Ifx ¢ A then x € A’. Since A’ ¢ A UB', x € AUB'. If z € B, then
x € B' C AU B’. Therefore, x € A’UDB'.

Now, we want to prove the opposite direction. Take z € A’ UB’. So x € A’
or x € B'. Thus, x ¢ A or © ¢ B. In either case, z ¢ (AN B). Therefore,
x € (AN B). O
1.2 Equivalence relation
Definition 1.9. Let A and B be sets. Then, a relation is any subset S C Ax B

Example 1.2.1. Let A ={0,1} and B = {dog, cat}. Then,
S = {(0,dog), (1,cat)} CAx B
Functions can give you relations:

Example 1.2.2. Let f : R — R where f(x) = 22. Then, the following is a
relation:

{(z,f(x))|r e R}CR xR
Example 1.2.3. Let X be a set of all McMaster students. Then,
R = {(z,y) | « has same height as y} C X x X

Definition 1.10. Let X be a set. An equivalance relation on X is a set R C
X x X such that

o (z,x) € R for all x € X (reflexive)
e If(z,y) € R and (y,z) € R (symmetric)
o If(x,y) € R and (y,z) € R, then (x,z) € R (transitive)
Example 1.2.4. Example [[.2.1]is not an equivalence relation since A # B.

Example 1.2.5. Example is not an equivalence relation since (2,2) ¢
{(z,2?) |z € R}.

Example 1.2.6. Example [I.2.3]is an equivalence relation.

o (refective) For any student z € X, x has the same height as z, so (z,z) €

R.

e (symmetric) Suppose (z,y) € R so x and y have the same height. But y
and z have the same height so (y,z) € R.



e (transitive) if (x,y) € R and (y, z) € R, then x and y have the same height
and y and z have the same height. So x and z have the same height, i.e.
z,z € R.

Remark. Sometimes, we write  ~ y to mean (x,y) € R.
Example 1.2.7. Prove that the following is an equivalence relation
R={(z,y)|lz=y} CZXL

Proof.

o (reflective) For any « € Z, x = z and (x,z) € R.

e (symmetric) If x ~ y then x =y so y =z, and y ~ x.

o (transitive) If x ~ y and y ~ 2z, then z =y = 2, so = ~ z.

O

Definition 1.11. Fiz a positive integer n > 0. We say r is congruent to s
modulo n if n divides r — s, i.e. (r — s) = nl for some integer |. We write

r=s mod n

Example 1.2.8. Let n = 7. Then, 22 = 8 mod 7 since 7 divides 22 — 8.
However, 22 £ 10 mod 7 since 7 does not divide 23 — 10 = 13.

Example 1.2.9. Congruent definition is an equivalence relation on Z:
R={(r,s)|r=s modn}CZXxZ
Proof.

o (reflexive) For all r € Z, n divides r —r = 0. So r = r mod n for all r.
So (r,7) € R.

e (symmetric) Suppose (r,s) € R so r — s = nl for some I. We multiply
both sides by (—1) to obtain

(s = 1) = (~1)(r — ) = (~1)(nd) = n(~1).
So n divides s — r and (s,7) € R.

e (transitive) If (r,s) € R and (s,t) € R, then r —s = nl and s — t = nk.
But then

(r—=t)=@r—-s)+(s—t)=nl+nk=n(l+k),

so (r,t) € R.



Definition 1.12. If R is an equivalence relation on X, and x € X, the equiv-
alence class of x is

[z] ={y|(z,y) € R}
Example 1.2.10. Consider

R ={(z,y) |« and y have the same height}.

Then,
[Abby] = {all people who have same height as Abby}.

Example 1.2.11. Consider
R={(z,y)|le=y} CZxZ

Then,
[42] = {42}.

Example 1.2.12. Consider
R={(r,s)|r=s mod5} CZxZ.

Then,
8] ={..,-7,-2,3,8,13,18,... }.

Definition 1.13. A partition P of set X is a collection of sets, X, X1, Xa,...
such that
X:U&
i

and X; N X; =@ for all i # j.
Example 1.2.13. In Example|1.2.12] we have
Z=[0]u1Ju2U 3] U 4]
Theorem 1.3. If R is an equivalence relation on X, then the distinct equiva-
lence classes form a partition of X.
Proof. For any x € X, x ~ x so x € [z]. Thus,
X=J]
zeX

Given z,y € X, we want to show that [z] = [y] or [z] N [y] = @. Suppose
that [z] N [y] # @. Let z € [zg] N [y]. So & ~ z and y ~ z. Let a € [z]. Then,
x~asoa~z,and x ~zand z ~y. So a~y. Thus y ~ a, and thus a € [y].
So [z] € [y].

Same argument shows [y] C [z]. So have [z]N[y] = @ or [z] = [y]. So
considering only distinct classes, we have a partition:

XZ[$0]U[$1]U"',



1.3 Well ordering principle and division algorithm

Theorem 1.4. (First principle of mathematical induction) Set S(n) be a state-
ment about integer n € N and suppose S(n) is true for some ng > 1. If for all
integers k >0, if S(k) is true implies S(k + 1) is true, then S(n) is true for all
n > ng.

Theorem 1.5 (Second principle of mathematical induction). Let S(n) be a
statement foor integers n € N and assume S(ng) is true. If S(ng),S(no +
1),...,8(k) imply that S(k + 1) is true, then S(n) is true for all m > ng.

Definition 1.14 (Well ordering property). Every nonempty set of positive in-
tegers has a smallest element.

Remark. Well ordering property becomes false once you include negative values.

Lemma 1.1. Principle of mathematical induction implies 1 is the smallest in-
teger.

Theorem 1.6. Principle of mathematical induction implies well ordering prop-
erty.

Proof. Let S be a nonempty set of positive integers. If 1 € S, then by above
lemma, the set S has a smallest element. Assume that if S is a set that containes
1 < k < n, then S satisfies the well ordering property. Let S be any set that
contains an integer 1 < k < n + 1. If S does not contain any elements smaller
than n+1, n+1 is the smallest element. If S does contain an integer k < n+1,
then by induction step, we have already shown that S has well ordering perperty.
By induction, all S satisfy well ordering property. O

Remark. Induction and well ordering property are equivalent.

Recall long division. If we divide 304 with 14, we get 304 = 14(21) + 10.
Here, we call 304 a dividend, 14 a divisor, 21 a quotient, and 10 a remainder.
Now, we want to know whether this process stops and whether the answer is
unique:

Theorem 1.7 (Division algorithm). Let A and B be integers with b > 0. Then,
there exists unique integers q and r such that

a=bg+r with0<r<b

Proof. To prove that the above theorem is true, we have to show (1) existence
and (2) uniqueness.

First, let S = {a —bk|a — bk > 0}. If 0 € S, then there is a k such that
a—bk=0 < a=">bk. Then, we canlet ¢ =k and r =0. If 0 ¢ S, we want
to use the well ordering principle. We need to check that S # @.

e If a <0, then a — ba = a(1l — b) > 0, since b > 0. So S # @.
e If a=0, then 0 —b(—1) >0, s0 S # @.



o If a >0, then a — b(0) > 0, s0 S # @.

By the well ordering property, there exists a smallest element say r in S, i.e.
there is a ¢ such that a — bqg = r.
We claim that we also have 0 < r < b. If r > b,

r—b=(a—bg)—b=a—0b(g+1)>0.

Sor—be€ S and r — b is smaller than r, the smallest element of S. So we must
have 0 < r < b.
Now, suppose there was ¢, ,q’,r" such that

a=bg+r,0<r<b
a=by +1r,0<r<b

So bg+1r=b¢ +1 = bg—bq’ =1 —r. Note that
—b<—r<r —r<r <b.

Thus,
—b < bg —bg’ <b.

If we divide both sides by b, we get —1 < ¢—¢’ < 1. So we find that ¢—¢' = 0. O
Definition 1.15. a divides b if there exists m such that b = am. We write alb.
Example 1.3.1. 3|12 since 12 =3 - 4.

Definition 1.16. d is a common divisor of a and b if dla and d|b.

Example 1.3.2. 2 is a common divisor of 12 and 18.

Definition 1.17. d is the greatest common divisor of a and b if (1) d is a
common divisor of a and b and (2) if d'|a and d'|b, then d'|d. We write d =
ged(a, b).

Example 1.3.3. 6 = ged(12,18).
Definition 1.18. a and b are relatively prime if ged(a,b) = 1.
Remark. For any integer b, b|0 since 0 = b - 0. Furthermore, ged(b,0) = |b].

Theorem 1.8. Let a and b be non-zero integers. Then, there exists r and s
such that ged(a,b) = ra + sb.

Example 1.3.4. 6 = ged(12,18) = 12(-1)+18-1

Proof. Let S = {am+bn|m,n € Z,am+bn > 0}. If a < 0, then a(—1)+5(0) >
0,808 # @. If a > 0, then a(1) +b(0) > 0 so S # @. By the well ordering
property, there exists a smallest element in S, say d. So d = am + bn for some
m+n.



Now, we want to prove that d = ged(a, b). First, by the division algorithm,
there exists ¢ and r such that a = dg 4+ r with 0 < r < d. If r > 0, then,

r=a—dq=a— (am+bn)g
=a—amq—bng
=a(l — mgq) + b(—ngq) > 0.
Then r € S and » < d but d is the smallest element of S. So r = 0, i.e.

a =dq+ 0. So d|a. Sampe proof shows d|b.
Now, suppose that d’'|a and d'|b. So a = d'a’ and b = d't’. But then

d=am+bn
=ddm+dbn
=d'(a'm+b'n)
So d'|d. Hence, ged(a,b) = d. O
Remark. If ged(a,b) = 1, then 1 = as + br for some s and r.

Lemma 1.2. Suppose a,b,q and r such that a = bq + r. Then, ged(a,b) =
ged(b, 7).

Proof. Let d = ged(a,b) and e = ged(b,r). Now, d|a and d|b, so a = da’ and
b=db'. Since r = a — bq, we have r = da’ — db’q = d(a’ — b'q). So d|r and d|b,
so d < ged(b,r) =e.

Now, e|b and e|r. So b = eb* and r = er*. So a = bg +r = eb*q + er* =
e(b*q+1*). So e|]b and ela. So e < d. Hence d < e <d, i.e. e =d. O

Now, we introduce the Fuclidean algorithm to find the greatest common
divisors of two integers: To compute ged(a,b), repeatedly apply divison algo-
rithm:

a=bgq +r

b=riq1 +72

T =T2q3 + 73

Tn—2 = Tn-1qn + Tn
Tn-1=Tnqnt1+0
Then, the last non-zero remainder, r,, is the greatest common divisor.

Remark. This algorithm is guaranteed to stop because 7, is a monotonically
decreasing sequence, i.e. b > ry > ro > rg > --- > 0. At some point, we must
reach 7,41 = 0 for some n.

Example 1.3.5. We want to find ged(234,96). Note 234 = 96 - +42. Note that
ged(234,96) = ged(96,42). Then, since 96 = 42 - 2 + 12, we have ged(96,42) =
ged(42),12. Likewise, we can continue to obtain ged(234,96) = 6.



Remark. We can reverse this algorithm to find s and ¢ such that ged(a,b) =
sa + bt. Notice that

234 = 96(2) + 42
96 = 42(2) + 12
42 =12(3)+6
42 =234+ 96(—2) 12 =96 + 42(—2)
6 =42+ 12(-3)
50 6 =42+ [96 + 42(—2)](-3)
= 42(7) +96(—3)
Then,
6 = [234 4 96(—2)](7) + 96(—3)
= (234)(7) + 96(—3) + 96(—3)
= 234(7) 4+ 96(—17)

Definition 1.19. A positive integer p > 1 is prime if its only divisions are 1
and p. Otherwise, a number is composite.

Example 1.3.6. 7 is a prime.

Lemma 1.3. Let a and b be integers and p a prime. If plab, then pla or p|b.
This statement is false when p is not a prime.

Proof. If p fa, we want to show that plb. If p fa, then ged(a,p) = 1. So there
exists s and ¢ such that 1 = as + pt. Then, we have b = abs + pbt. Since p|ab,
we have ab = pk. So,

b = pks + pbt = p(ks + bt).

Therefore, p|b. O
Theorem 1.9 (Fundamental theorem of arithmetic). Let n > 1 be any integer.
n=pip2- Pk,

where p; is a prime (not necessarily distinct). Furthermore, this decomposition
18 unique in the following sense. If n = qy - - - q; is another production of primes,
then k =1 and after relabelling, p; = q;.

Proof. (Existence) Let
S={a€Z|a>1and a does not have a primary decomposition}.

If S # @, then by the well ordering principle, there is a smallest a € S. Note
a is not a prime because if a is prime then a = a is a factorization. So a is

10



composite and a = be with 1 < b,¢ < a. However, b,c ¢ S so they have a
factorization:
b=p1--p

cC=q1 gk

But then a =p;1---piq1 -~ qr. So a ¢ S, This is a contradiction and S = &.
(Uniqueness). Suppose

n:pl...pk:ql...ql

Since p1|n, pilqr - - qi- So p1lg; for some i by the Lemma. Since ¢; is prime and
p1 > 1, then p; = ¢;. Then, we do a relabelling so that ¢; is ¢;. So we have

Pip2 - Pk = 41492 - qI
= P2 "Dk =Gq2 " q

We repeat the process. If k£ > 1, we would end with

Diy1Pi2 - pr = 1.

Likewise, we would end with a similar equation if £ < [. Both cases are impos-
sible because p;,q; > 1. So k =1 and p; = ¢; for all i. O

Theorem 1.10. There exists an infinite number of primes.

Proof. Suppose only primes are py,pa,- - ,pn. Let

P=pips---p,+1.

Since P > py,--- ,pn, P is not a prime. So P is a composite number by
FTA, some p; must divide P. Since P — p1ps---p, = 1, then p;|1, yielding
contradiction. So there must be infinite number of primes. O

Example 1.3.7. Prove that if ged(a,b) = 1 and albe, then alc.

Proof. Beacuse ged(a,b) = 1, there exists integers s and ¢ such that as+bt = 1.
This follows from theorem 2.10. If we multiply both sides by ¢, we get

acs +bet = ¢
Since a|be, be = ak for some integer k. After substitution, we have
c = acs + akt.

But this means
¢ = a(cs + kt).

So alc, as desired. O

11



2 Groups and rings

2.1 Group theory
Before we begin, we're going to look at sets with extra structure.

Example 2.1.1 (Integer equivalence classes). Let n = 6. Consider the distinct
equivalence classes modulo 6:

..,—2,4,10,...}
,—1,5,11,...}

R={(a,b)|]a=b mod6} CZxZ
Then,
0]={...,-6,0,6,...}
n=4..,-517,...}
2]={...,-4,28,...}
Bl={..,-339,...}
[4] = {
(5] = {

We denote the six disctinct equivalence classes by

Zg = {[0], (1], 2], 3], [4], [5]}-

Usually, we write
Z¢ =10,1,2,3,4,5}.

In general, for any n > 1, let
Zn =40,1,2,...,n —1}.
Then, we can add and multiply elements of Z,:

a+b=(a+b) modn
ab = (ab) mod 6

In fact, for any a € Z and n > 1, if a = ng + r with 0 < r < n, then [a] = [r].
Equivalently, a = mod n and a = r in Z,.
We can look at some other properties of addition and multiplication in Z,:

e Addition and multiplication commute
e Addition and multiplication are associative
e There are additive and multiplicative identities

e For every element in Z,, there exists an additive inverse.

Multiplication is distributive over additon

If ged(a, n) = 1, then there exists an integer b such that ab =1 mod n.

12



Consider a square cut in the plane. We can flip it, rotate it, and but not
stretch it, and then put it back in the original spot. Then, we have 8 operations.

Let Ry be rotating 0°, Rgy rotating 90°, Rygo rotating 180°, and Ra7g ro-
tating 270°. Then, H will be a flip on the horizontal axis, V' on the vertical
axis, D1 on the main-diagonal, and D5 on the anti-diagonal. Note that you can
perform one operation, then followed by another, and end back up with another
known operation. For example H, Rgorg is equivalent to D;. Note that order is
important.

We want to think of these as functions, i.e., each function maps a square to
itself. Let

Dy = {Ro, Roo, Riso, Ra70,V, H, D1, Do}

We call is a dihedral group and it has the following properties:
e Operations of composition is closed.
e Ry is an identity element.
e Each element A € D4 has an inverse, i.e., we can reverse it to Ry.
e The operation is associative.

In fact, D4 forms a group and those are the four properties that all groups must
have.
Now, we want to formally define a group.

Definition 2.1. Given any set G, a binary operation o is any function
0:GXxG—=G
that maps a pair (a,b) € G X G to an element a o b.
Example 2.1.2. 4 on Z is a binary operation
+:ZXZ—=Z
. Likewise, multiplication is also a binary operation.
Example 2.1.3. Composition of functions on Dy is a binary operation:
oDy x Dy — Dy
Definition 2.2. A group (G, o) is a set G with a binary operation o such that
e (associative) ao (boc) = (aob)oc.
o (identity) there exists an e € G such that ace =eoa=a for alla € G.

o (inverse) for all a € G exists a=! € G such thataoa ™' =a"toa=e.

13



Definition 2.3. If a group G satisfies commutativity,
aob="boa,Va,be G,
then G is called abelian.

Example 2.1.4. D, is a group where the binary operation is composition of
functions. D, is not abelian since

DyoH # HoD;
Example 2.1.5. Consider
Z=A...,-2,-1,0,1,2,...}.

There are two operations on Z: addition and multiplication. Z with addition is
an abelian group with identity 0. However, Z with multiplication is not a group
because it doesn’t have an inverse.

Example 2.1.6. Rationals, real numbers, and complex numbers are all groups
with operation of +.

Example 2.1.7 (Trivial group). G = {e}.

Example 2.1.8. Fix n > 1. Then, Z, = {0,1,2,...,n — 1} is a group under
addition. However, it’s not a group under multiplication.

Example 2.1.9. R is not a group under multiplication. It satisfies associativity
and existence of identity but 0 does not have a multipllicative inverse. However,

R* =R\ {0}

is a group under multiplication. Likewise, Q* = Q \ {0} and C* = C\ {0} are
groupsunder multiplication.

Example 2.1.10. Let n > 1 and
u(n) ={a|l <a<n-1,gcd(a,n) =1}.

For example,
u@3) ={12} w(5)={123,4}

u(4) ={1,3} «(8) =1{1,3,5,7}
For all n > 1, u(n) is a group under multiplication modulo n.
Example 2.1.11. Consider
M5(R) = {all 2 x 2 matrices with entries in R}.
This set is a group under addition.

Example 2.1.12. All vector spaces are groups under addition.

14



Example 2.1.13 (General linear group).

GL3(R) = {all 2 x 2 matrices that are invertible}

~{f |-

This is a group under matrixmultiplication.

We want to make new groups from existing groups. Let G and H be groups
and that let [ and * denote their binary operations. Then,

Gx H={(g9,h)|g€G,he H}.
This is also a group where
(91, h1) © (g2, h2) = (910092, h1 * ho).
Example 2.1.14. Consider
G=17s=1{0,1,2},H =R*=R\{0}

Then,
(2,4)0(2,6) = (2+2,4%x6)=(1,24) e G x H.

In this case, the identity of Zs x R* is (0,1).

Definition 2.4. The order of G refers to number of elements in G and is
denoted by |G|. G is finite if |G| < oo. Otherwise, it is infinite.

There are many different binary operations used to define groups. Normally,
we will use the mutliplicative notation. The only exception is when we are
proving something about an additive group.

From now on, we will be using the following notations:

a-a----a (n times) if n > 0
an: 1 TL:O

(at---(a7l) n<0

at+a+---+a (n times) if n. >0
na= <0 n=20

(~a) + (=a) 4+ (~a) n <0
Theorem 2.1. For every group G, identity is unique.

Proof. Suppose e and e’ are identities of G. So for any a € G, (1) ae = a and
(2) €a=a. Ifa=¢, (1) implies e'e = ¢'. If a = e, (2) implies €'e = e. So
e =ee=e,

and €/ =e. O

15



Theorem 2.2. If g € G, then inverse of g is unique.

Proof. Suppose that ¢’ and ¢g” are inverses of g. So ¢g'g = g¢’ = e and ¢''g =
g9” =e. So

r
99 =499 =e¢.
If we multiply both sides by ¢’,

O
Theorem 2.3 (Socks-shoes property). (ab)™! =b"1a™!
Proof. By definition, (ab)~! is the inverse of (ab), i.e.,
(ab)(ab) ™t =e.
But we also have
(ab)(bta™Y) = a(bb~H)a?
=aea”!
=aa"!
=e.
So b~1a~? is also n inverse of (ab). Since inverses are unique, we have
(ab)™t =b"tat
O

Theorem 2.4. If G, cancellation works, i.e. if ab = bc, then a = c.

Proof. Suppose that ab = ac. Then, a=!

a~1 on the left

€ (. So we multiply both sides by
a~(ab) = a7 (ac).
Sob=c. O

Remark. As a consequence, each row and column in a Cayley table (group
operation table) has a distinct element. In other words, if ab; = ab; then
b =b;

Theorem 2.5. For any a,b € G, there exists unique x and y such that ax = b
and ya = b.

Proof. One solution is x = a~1b since
a(a™b) = (aa™)b = b.

This is unique because if ax; = b = axs, by cancellation x7 = 5. O
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2.2  Subgroups

Definition 2.5. A subset H of a group G is a goup if it is a group under the
same operation of G.

Example 2.2.1. If G # {e}, the G has at leaset two subrgoups:
. {} G,
o (G itself.
These are trivial groups but we want {e} C H C G.
Example 2.2.2. Consider G = Z. Then,
E={neG|niseven} ={-4,-2,0,2,4}
is a subgroup because
e because it is closed under addition.
e 0cE.
e addition is associative.
e for any a € E, —a € E so every element in F has an inverse.

Example 2.2.3. The set of odd integers is not a subgroup because it is not
closed under addition and 0 is not an element.

Example 2.2.4. mZ = {mn|n € Z} is a subgroup.

Example 2.2.5. Consider Dy. Let H = {Ry, Roo, R1s0, R270}. Note Dy is not
abelian but H is.

Example 2.2.6. Consider C* = C\ {0}, a group under multiplication. Then,
H=1{1,-1,i,—i

is a finite subgroup of C*:

‘ 1 1 -1 —
1 1 7 -1 —
) i -1 —i 1

Example 2.2.7. Show that if a? = e for all @ € G then G is abelian.

17



Proof. Given any a,b € G, we want to show ab = ba. Given that aa = e, since
inverses are ungiue, a = a~*. Now, consider (ab)?. Since ab € G,

(ab®) = (ab)(ab) = e.
Now, we multiply (ab)(ab) = e on the left by a and on the right by b:

a(ab)(ab)b = aedb
(aa)(ba)(bb) = ab
ba = ab

So G is abelian. O
Theorem 2.6. A subset H of a group G is a subgroup if

e cc H.

e Vgi,90 € Hygiogo € H.

eVgcHg'lcH

Proof. 1 implies that H has an identity, 2 implies that H is closed under oper-
ation. 3 implies that every g € H has an inverse. So we only need to check the
associative property.

Let a,b,c € H. Now, a,b,c € G, so

(ab)c = a(be)
holds in G. But since the operation is closed, (ab) and (bc) are in H, so
(ab)e = a(be)
also holds in H. O

Definition 2.6 (Center of a group). For any group G, the center of G is defined
as
Z(G)={a€ G| ag=ga, Vg €G}.

Example 2.2.8. If G is abelian, G = Z(G). If G = D3, Z(D4) = {Ro, R1so}-
For all G, e € Z(G).

Theorem 2.7. For all G, Z(G)is a subgroup of G.
Proof. First, e € Z(G) since for all g € G,

eg =g = ge.

18



Let a,b € Z(G). We want to show that ab € Z(G). Sofor any g € G, we
need to show that (ab)g = g(ab). To prove this, take any g € G. Then,

(ab)g = a(bg) (associativity)
= a(gb) (since b € Z(G))
= (ag)b (associativity)
= (ga)b (since a € Z(G))
= g(ab) (associativity)

So ab € Z(G).
Now, let a € Z(a) and take any g € G. So g~! € G, and since a € Z(G),

Taking the inverse of both sides gives
gat=(ag™) ' =(g7ra) T =alg.

So for any a € Z(G) and any g € G,

ie.a”t € Z(G). O
Example 2.2.9. If every proper subgroup of group G is abelian, is G abelian?

Proof. No. Dy is not abelian. However, all proper subgroup are abelian.

H, = {Ro, Ryo, Rigo, Ra70}
Hjy = {Ro, Rigo}

Hz ={Ro, D1}
Hy = {Ro, D2}
H; ={Ry,V}
Hg = {Ro, H}

H; ={Ro,D1,2,H,V}

3 Special groups

3.1 Cyclic groups
So how do we find subgroups? Here’s one way to construct subgroups:

Definition 3.1. Fiz an a € G. Then, (a) = {a™ | n € Z}
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Example 3.1.1. Consider G = D,. Then, since Ryg € Gy,
(Rgo) = {Ryy, Ro, Roo, Rgo © Roo, -+ }
= {Ro, Ryo, Rigo, Roro}-
Example 3.1.2. If G = Zg and 2 € G, then
(2)=1{2-2-22-222+22+2+2,...}
= {2,4,0}.

Theorem 3.1. For any a € G, (a) is a subgroup of G and it is the smallest
subgroup of G that contains a.

Proof. First, e € (a) since e = a®. Now, suppose that g;, g2 € {a). So g1 = a™
and g2 = a™2. But then,

g192 = a™a™ = an1+n2 c <CL>

Finally, if a™ € (m then (a™)™! = a™" € {(a). So (a) is a subgroup.
To prove that it is the smallest subgroup, consider a subgroup H witha € H.
Then, a',a?,a® and a®,a=t,a=? are also in H. So {(a) C H. O

Definition 3.2. If G contains an element a such that G = (a), then we say G
s cyclic and a is the generator.

Example 3.1.3. Zg is cyclic since Zg = (5).

Definition 3.3. If a € G, then the order of a is the smallest positive integer
such that a™ = e. We write |a| = n. If order is not finite, |a| = oo.

Example 3.1.4. Consider G = Zg. Then,

e |3] =2since 3+3=0.

o |5/ =6since 5+5+5+5+5+5=0.
Example 3.1.5. Consider Z with addition. Then, |1| = cc.
Example 3.1.6. Consider Z,, with addition. Then, |1| = n.

Example 3.1.7. Consider u(8) = {1,3,5,7} under multiplication. Observe
that

=1
3 =2
5] =2
7] =2
u(8) is not cyclic because no element with |a| = |u(8)| = 4.

Theorem 3.2. FEvery cyclic group is abelian.
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Proof. Let g1,g2 € (a). So g1 = a™ and go = a™ for some n,ny. Then,

gi1go = atqh? = an1+n2 — an2+ﬂ1 = qg"2q" = 201

Theorem 3.3. If G is cyclic, all subgroups are cyclic.

Proof. Let H C G be a subgroup of G = (a). If H = {e} and if H = G, then
H is cyclic.

So assume that {e} C H C G. If g € H, then g = a™ for some n € Z. Since
g~ ! =a™", we know that at least one of n or —n is positive.

Let M be the smallest positive integer such that a™ € H. We claim that
H = (a™). If a™ € H, then (a™) C H. Take g = a™ € H. Then, we can divide
n by m using the division algorithm, i.e.,

n=mq-+rm,
with 0 <7 <m. If 0 <r < m, then
a = amIt" = Mg,
Since a™? € H, a=™4 € H. So

a"a”™ =g"""™ =q" € H.

However, this contradicts our assumption that m is the smallest positive expo-
nent in H. Therefore, r = 0. Hence, n = mq, so g = a"™ = (a™)? € (a™). So H
is cyclic.

Recall that the order of a € G, denoted |al|, is smallest positive integer n
such that a™ = e. The order of G, denoted |G|, is number of elements in G.

Theorem 3.4. Let a € G.
e If|a] = oo, then a' = a’ if and only if i = j.
e If|al =n, then a* = a? if and only if n|(i — 7).
e If|al =n, Then, (a) = {a®,a*,a?,...,a""'}. Also, |a| = |{a)|.

Proof. (1) Because |a| = 0o, all elements of (a) are distinct. Indeed, if a® = a’,
then a’a™ =e. Soa’/ =e. But |a] =00, 50 @' =eiff i —j =0, ie., i=j.
(2) Suppose that a® = a/. Without loss of generality, we can assume that
i > j. So a'a™? = e. Now, we can divide (i — j) by n using division algorithm,
ie.,
(i—j)=nq+r,

with 0 <7 <n. If 0 <7 <m, then

a™ = (a")a" = a" = e.
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This means a” = e with » < n. However, this contradicts the assumption that
la| = n. Sor = 0 and n|(i — 7). To prove the other direction, assume that
n|(i — 7). Then, (i — j) = nq and i = ng + j. Then,

a' = a1 = (a")9a’ = a%d’ = ad’.

(3) We want to show that (a) = {a° a',...,a""'}. Take a* € (a). Then,
we divide k by n using division algorithm:

k=nqg+r,

with 0 <r < n. So

ak _ anq+r

So a* =a" € {a®,a',...,a""1}. O

=a".

Example 3.1.8. Consider
Zs ={0,1,2,3,4}.

This is a cyclic group generated by 1. So |1| = 5. Note that 7-1=2=122-1
and 5|(22 — 7).

Corollary 3.1. For any cyclical group G = {(a), if la| = n, and a* = e, then

Proof. Apply (2) with ¢ = k and j = 0. O
Theorem 3.5. If |a| = n, then |a*| = n/ gcd(n.k).
Example 3.1.9. Consider

Z = {0,1,2,3,4,5}.
Then,
O ={1,1+1,14+1+1,1+1+1+1,1+1+1+1+1,1+1+1+1+1+1}.
Then, |1| = 6. So

(1)={1-1,2-1,3-1,4-1,5-1,0- 1}.

So 6 6
2.1=—— 2=
12-1] ged(2,6) 2 3
6 6
13-1] ged(3,6) 3
6 6
| | ged(4,6) 2 3

Corollary 3.2. For any k € Z, Z,, = (k) iff ged(n, k) = 1.
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Proof. Observe that
k=1+1+1+---4+1=k-1

with |1| =n. So

n
k| = ———.
= edtn By
So (k) = Z,, ift |k| = n iff n = n/ged(n, k) iff ged(n, k) = 1. O

Now, recall that Q* = Q\ {0}, C* = C\ {0}, and R* =R\ {0} are multi-
plicative groups. We are interested in finding finite multiplicative subgroups.

Theorem 3.6. In Q* and R*, there are only two finite subgroups, which are
{1} and {1,-1}.

Proof. Take any H C Q* be a subgroup with |H| < co. Let a € H. Then,
a™ =1 for some n. So, a satisfies

a"—1=0=(a— D@ " +a" 2+ Fa+1).

Ifn=1,thena=1. If n =2, then a®> =1 so a = +1.
If n < 3, a would have to take a root of

" 4" P+ 1=0,

or (z —1). But the former equation does not have real or rational roots. So
a=1.

Therefore, H = {1} or H = {—1,1}. O

Recall the following properties of complex numbers:

o (a+bi)(c+di) = (ac —bd) + (ad + be)i.

e |a+bi| = vaZ+ b2

o (a+bi)~t = (a—bi)/(a®+b?).

We can represent complex numbers using polar coordinates:
a+bi=z=|z|(cos@ +isinf),

and we denote it by rcisf. It is convenient to use polar coordinates due to the
following property:

Theorem 3.7. If z; = ricist; and o = rocisfy. Then,

2122 = 7‘1T2(Cis(01 + 92))

27t =r7leis(—0)
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Definition 3.4 (Circle subgroup).
T={zeC"||z| =1}
18 a subgroup.
Proof.
e (identity) 1 € T since |1] = 1.

e (closure) Suppose z1,29 € T. So z; = lcisfy and 2o = 1cosfa. So 2129 =
1- 1018(91 + 92) eT.

e (inverse) If z = 1cisf € T, then 2z~ = lcis(—6) € T.
O

Definition 3.5. Fix n > 1. The complex numbers that satisfy x™ —1 =0 are
called n-th root of unity.

Remark. =™ — 1 has n roots (up to multiplicity) in C.
Example 3.1.10. Consider n = 3,

® —1=0.
Roots are 1, w,w?,. .., where

—14+V3i 5, —1-/3i
= w- = .
2 ’ 2
Theorem 3.8. The set of n-th root of unity form a cyclic group of order n in
C*. Furthermore, the n-th root of unity are

. <2k77)
z=cis| — |,
n

Definition 3.6. A generator of the n-th group of units is called a primitive n-th
r00t.

fork=0,1,2,...,n—1.

Example 3.1.11. If n = 8, primitive roots are
w, w®, w®, w’,

and the rest are non-primitive roots.

Example 3.1.12. Find all cyclic subgroups of Zg.

(0) = {0}

(1) =@3)=(5) =(7) =Zs

(4)

(2) =

4) = {0,4}
2) = (6) = {0,2,4,6}
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Example 3.1.13. Find all cyclic subgroups of «(9).

(1) = {1}

(2) = u(9) = (5)
(4) ={4,7,1} = (7)
(8) = {1,8}.

Example 3.1.14. Prove that the order of every element in a cyclic group 6
divides |6].

Example 3.1.15. Suppose |6] = p, a prime and G cyclic. Show that every
nonidentity element has order p.

3.2 Permutation groups

Definition 3.7. A permutation of a set X is a bijection:
c: X=X

Definition 3.8. A permutation group of a set X is the set of all permutations
of X with binary operation composition of functions.

Example 3.2.1. Consider
X ={1,2,3,4,5}
Then, given
c: X =X
1—=1
2—3
3—4
4—2
55— 5

and
7: X —-X

1—2
2—3
31"
4—5
5—4
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we have

c-7: X —=>X
1—3
2—4
3—1
4—=5
5—2

To avoid writing like this, we introduce a better notation:

(12 3 45\ (12 4 5
7=\1 3 4 2 5)°77\2 3 5 4)°

Then,
(12 345\ (12345 (1
77771 3 4 2 5 2 3 1 5 4)\3

Likewise,
(12345
7= 2 1 5 3 4

Note that o - 7 # 7 - 0. In general, a permutation group is not abelian.

_ W

=~ DD
— o
(S
ro

Definition 3.9. Fiz an integer n > 1. The symmetric group on n letters,
denoted S, is the set of all permuatations of {1,2,3,...,n}.

Theorem 3.9. S, is a non-abelian group (if n > 3).
Proof.
e S, has an identity
123 -+ n
1 23 -+ n
e Each elment has an inverse (reverse the map the permutation)

e Composition is associative

Remark. Note that there are n! permutations.

Example 3.2.2.

w w
~—__~
7 N\
— =
— N W N
N o
~_
N\
no =

N\
N —
W N NN
— w
~
N
w
N o
N~
N
wW =
NI ORI Nl
— W
~~
—
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Now, we introduce a cyclic notation. Consider
1 2 3 4 5 6
1 4 3 6 2 5
Note that 1 and 3 map to themselves whereas we have

2—4—6—5.

123456
(1 436 2 5>_(2465)’

e each element is mapped to the one to right

So we write
which means that

e the last element is mapped to the front

e clements that do not appear are apped to themselves

(23839 -co0m

Example 3.2.3.

Example 3.2.4.

(zll 3 ? § ? 2):(143):(314)=(431)

Definition 3.10. A permutation of form (ai,as,...,ax) is called a k-cycle.

Theorem 3.10. If two cycles, o and 7, are disjoint cycles, (i.e., they don’t
share any common values), then o -7 =7 - 0.

Proof. Let 0 = (ay,...,a;) and 7 = (by,...,b;). We know that
ocnNT=y.
Then,

oif z € {1,2,...,n} but * ¢ o U, then o(xr) = = and 7(z) = = so

o(r(z)) =z = 7(a ().

e suppose & € 0 so x = a; for some ¢ and z ¢ 7. Now, o(z) = o(a;) = Git1.
Also, 7(z) =z and 7(a;4+1) = @i1+1. So

o(r(a;)) = o(a;) = aiy1 = 7(ai+1) = 7(0(a;))

Example 3.2.5.
(12)(346) = (346)(12)
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Remark. Not every permutation can be expressed as a cycle

Theorem 3.11. Fvery permutation can be expressed as a product of disjoint
cycles.

We will illustrate this with an example, rather than a proof. Consider

We start with an element that is not mapped to itself, i.e.,
1—-3—5 = (135)

Now, take another element not in previous step and is not mapped to itself
2574 = (274)

We can do the same thing for the rest and get

123456 78
a_(s -5 91 8 4 6)-(135)(274)(68)

The advantangeof doing this is that it’s easy to compute the order of o.

Theorem 3.12. Suppose 0 = 0103 ...04 is a product of t disjoint cycles. Then,
lo| =lem (|o1], o], - - -, |ot])
Remark. If o = (ajazas -+ - ay) is a k-cycle, |o| = k.
Proof. Let d; = |o;| and d = lem(dy, ..., d;). Since the cycles are disjoint,
ol =(0y---0,)% = gfo-g...gtd
For each i, d = d;m; for some m;. So

o = J;llmlo'ngz . a.gtmt

So o] < d.
Now, let [ = |o|. So

e=0'= (0100 0p) =0l -0l
Since the cycles are disjoint, this implies that

=€
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for each i. Since |o;| = d;, we have that d;|l for all i. So [ is a common multiple
of dl,dg, N ,dt. So
lem(dy, ... d;) <.

Thus,
|0'| S dzlcm(dl,dg,...,dt) S = |O'|

Hence, |o| = lem(dy, ..., dt). O
Example 3.2.6. Going back to the example, since
o = (135)(274)(68),

we get
lo| =1lem(3,3,2) = 6.

Definition 3.11. A 2-cycle is called a transposition.

Example 3.2.7. Consider the cycle (1423). We can write it as a product of
transpoistions:
(1423) = (13)(12)(14)

Theorem 3.13. Fvery permutation can be expressed as a product of transposi-
tions.

Proof. We only need to verify this for cycles. Consider

(araz - - - ar) = (a1ar)(a1ak-1)(a1ak—2) - - - (@ — lag)(a1a2)

Example 3.2.8.
o = (135)(247)(68)

= (15)(13)(27)(24)(68)
Remark. Factorization in the transposition is not unique.

Example 3.2.9.

(123) = (13)(12)
= (13)(23)(12)(13)
(1235) = (15)(13)(12)
= (13)(24)(35)(14)(24)

Observe that (123) is a product of an even number of transpoisitions whereas
(1235) is a product of an odd number of transpositions. So we want to make
this into a theorem but we need to prove a lemma first:

Lemma 3.1. If (id) = e = 0109 - 0y, then t is even.

Proof. Since no transposition is the identity, we must have ¢ > 1. If t = 2, we
are done. We can perform induction on t.
e have the following 4 cases for o;_10;:
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1| (ab)(ab) e

2 | (bc)(ad) (ac)(be)
3 | (cd)(ab) (ab)(cd)
4 | (ac)(abd) (ab)(bc)

In case 1,since (ab)(ba) = e, weremoves;_10; from e = oy---04_2, and
byinducting ¢ — 2 is even, so t is even.

In cases 2, 3 and 4, we can replace 0y_10¢ with o;_;0;. Inall cases, the last
occurence of a moves left by 1.

Now, we look at o1_g0;_1.Ifin case 1,remove the pair o;_s0;_1 and finish by
inducting. Else, use cases 2, 3 and 4 to move left one transpositions. Weeventually
get into case 1. If not, we end with

(id) = (ab)oz03 - - - 04,

but the right hand side sends a to b, contraidicting the fact that this is identity.
O

Theorem 3.14. No permutation can be expressed as both of odd number of
transpositions and event number of transpositions

Proof. Suppose
O’:a’lqn.o't:TlonnTl

with ¢ even and [ odd. Then,

(id) = 0’(0'_1) = (01~-~0t)(7'1-~-7'l)_1
:0’1...Ut71_1...Tl_1
T W R

So (id) is a product of ¢ + I transpositions. But this is odd, so a contradiction
to the lemma. O

Definition 3.12. A permutation of o € Sy, is even if it can be written as an
even number of transpositions and odd if it can be written as an odd number of
transpositions.

3.3 Alternating groups
Definition 3.13. The alternating group A, is
A, ={0 €S, | o is even}.

Theorem 3.15. A,, is a group and a subgroup of S,.
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Proof. To prove closure, let o, 7 € A,,. So
g = O’l e a't

and

with ¢,1 even. But then
oT =010y T € Ay,

since ¢ + 1 is even. Also, (id) € A,, by the lemma above.
Finally, if 0 € A,, and 0 = 071 - - - 0y with ¢ even, then

o — (0'1...0})71

3.4 Group of rigid motions

Recall that Dy is a set of all rigid motions of the square. We can now think of
the rotations as permutations

12 3 4
R°_<1 2 3 4)’

12 3 4
R90(2 3 4 1)’

1 2 3 4
R180:<3 41 2)’

1 2 3 4
D= (1 4 3 2)
In fact, we can apply this for any regular polygons:
Definition 3.14. D, is the group of rigid motions of the regular n-gon.

Note that we are going to write vertices in clockwise fashion:

1
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A rigid motion is determined by 2 pieces of information:

e where 1 is sent to (n choices)

e do the numbers go clockwise or counter clockwise (2 choices)
So the total number of rigid motions is 2n.
Theorem 3.16. D,, is a group of order 2n.

Proof. We already showed that |D,,| = 2n. We want to show that it’s actually
a group:

e (learly, e € D,, since this is the motion where we leave unchanged.
e If 0,7 € D, they are both rigid motion, but so it o7 € D,,.

e If 0 € D, is a rigid motion, we can always reverse the motion to back the
original configuration. So o' € D,,.

O
Remark. D, is a subgroup of S,,.
Example 3.4.1. D3 = S3

We saw that D, is not cyclic. In general, D, is not cyclic. However, D,, can
be generated by 2 elements.

Theorem 3.17. For n > 3, D,, consists of all products of elements r and s
such that rotation, r, and reflection, s, satisfy

r* =1 and s" =1,

Proof. Notice that any rigid motion is a rotation and/or a reflection.
Let r = 27” Then, there are n rotations:

(id), r,r? :2(2;:) ,7"3:3(2;) o™ = 1) (T)

Likewise, there are n reflections s1, s9, S3, ..., S,, where each s; leaves ¢ fixed.
For example, s; in D5 will look like this:
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If n is odd, s; only fixes i, whereas if n is even, s; fixes two or no elements (e.g.,
reflection of a square along the vertical axis fix no elements).

Let s = s1. I claim that every element of D,, can be written in terms of r
and s. Recall that a rigid motion is determined by (1) where 1 is sent and (2)
whether numbers are clockwise or counter clockwise. If 1 is sent to k clockwise,
the motion is given by r*~1. If 1 is sent to k in counter clockwise, the motion
is given by 7~ 's. So

Dn:{rasb | D<a<n-10<b<1}.
Finally, consider rsrs. Then, rsrs =1 so r(srs) =1 and r—! = srs. O
Example 3.4.2. Show D,, is not abelian for all n > 3.

Proof. Suppose that D,, is abelian. We showed that rsrs = 1. Since D, is
abelian, rs?r = 1. But s =1. Sor?=1. But n >3 and |r| =3 > 2. O

Example 3.4.3. Use cycle notation to write out all elements of Dj.

3.5 Lagrange’s Theorem

Definition 3.15. Let G be a group with subgroup H C G. The left coset of H
with representative g € G is the set

gH ={gh|h € H}.

The right coset of H is
Hg={hg|h € H}.

Example 3.5.1. Consider

{G:u(8) = {1,3,5,7}

H={1,5}CG
Then,
1H ={1,5}
3H ={3,7}
5H = {5,1}
TH ={7,3}

Example 3.5.2. Consider

G=7s=1{0,1,23,...,7}
H={0,4}CG
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Then,

0+ H = {0,4}
1+ H={1,5}
2+ H = {2,6}
7+ H ={7,3}

Remark. If G is abelian, then left and right cosets are same, i.e.
gH ={gh|he H} ={gh|h € H} = Hg.
This is false if G is not abelian.

Example 3.5.3. Consider G = Dy and T = {Ry, H}, where H is the horizontal
flip. Then,

RooT = {Rgo o Ro, Roo 0 H} # {Ro o Roo, H o Rgo} = T Rgp
Lemma 3.2 (Properties of cosets). Let H C G be a subgroup. Then,
e gcgH.

gH=H iffge H.

g1 H = g2H iff g1 € g2H.

g1H =goH orgtHNgoH = 2.
g H =gH iff g7 g0 € H.
lg1H| = |g2H|.

* [gH| = [Hyg|
Proof.

(1) Since e € H, ge = g € gH.

(2) (=) Suppose gH = H. Since g € gH, g € H because H = gH. (<)
Now we want to show that gH given g € H. Since g € H, and H is a subgroup,
gh € H for all h € H. So gh C H. Now, we take h € H. Because g € H,
g~! € H, and so is g~ 'h. But then

h=g(g~'h) € gH.

Thus, H C gH. So H = gH.

(3) (=) Suppose g1 H = g2 H. Since g1 € g1H, this implies that g; € goH.
(<) Take t € g1H so g1h for some h. And we are given that g; € goH, so
g1 = goh' for some h'. Then, t = g, = (g2h)h = go(hh') € goH. So g1 H C goH.
Now, take t € goH so tah and sw know g; (R’ = go. SO

1
t=goh= (i (M) ") h
= gl[(h')flh] € g1 H.
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So goH C g1H. Hence, g1 H = g2 H.

(4) Since g1H and goH are sets, we can have (a) g1H N goH = @, (b)
g1H = go2H, or (¢) ¢1H # goH and g1H N goH. Suppose x € g1H NgoH. So
x € g1 H implies that g1H = xH. Also, x € goH implies that goH = xH. So
g1H =xH = g,H. So ¢1H = g2 H. So (c) cannot happen.

(5) Details are same as the proof of (3)

(6) Define a map

[rgH = gH

by f(g1h) = gah. I claim that f is a bijection.
(one-to-one) If f(g,h) = f(g,h'), we have goh = goh'. By cancellation,
h="n sogith=gl.
(onto) Take t = goh € goH. Then, g1h € g1 H and f(g1h) = g2he = t. Since
f is a bijection,
lg H| = |g2H]|

(7) Same idea but we use a map
f:9gH — Hg

by f(gh) = hg. O

Theorem 3.18 (Lagrange’s Theorem). If G is a finite group and H C G is a

subgroup, then, |H|||G|. Also, the number of distincts cosets is %

Proof. Suppose that there are a distinct left cosets of H in G, say g1 H, g2 H, ..., g, H.
For each g € G,
gcgH =gl

for some g;. Thusm,
G=¢gHUgpHU---Ug,H.

Since cosets are distinct,
G| =191 H| + |g2H| + |gsH| + -+ + |gn H]|
= |H|+ [H|+---[H|
= n|H|

So |H|||G| and "=IC1 is the number of distinct cosets. O
[H]

Definition 3.16. The index of H in G is the number of distinct left cosets and
denoted |G : H]. So [G: H| = %
Example 3.5.4. Consider

G =u(8) ={1,3,5,7}
H={1,51CG

Then, [G: H] =4/2 = 2.
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Note that Lagrange is not true if |G| =

Example 3.5.5. Consider G = Z and H = {2n | n € Z}21, the set of even
integers. Then, there are only two distinct left cosets: 0+ H = H and 1 + H.
So [G : H] = 2. However,

Gl _

[H| oo
Corollary 3.3. For any g € G (G finite), then |g||\G|
Proof. For any g € G, |g| = |(g)|. Since (g) is a subgroup of G, |g|||G|. O

Corollary 3.4. If |G| = p is a prime, then G must be cyclic and is generated
by any non-identity element.

Proof. Let g € G with g # e. Then, 1 < \g|||G| =psolgl=p,ie {(¢g)=G. O
Roughly this says all cyclic cyclic groups of order p are the same as Z,,.
Corollary 3.5. Let H and K be subgroup of G such that K C H C G. Then,
(G K] = [G: H][H : K]

Proof.
16l _ 16l 1H]

G: K X
&K= 1% = 1@ R

=[G: H|[H : K|
O

Note that the converse of Lagrange’s theorem is false, i.e. if d|G|, then G
has a subgroup of order d.

Example 3.5.6. Consider an altenatring group A4. Then,
|Ag| =41/2 =12

Note that 6|12, but we will show that A4 has no subgroup of order 6.
Suppose H C Ay was a subgroup of order ¢. So [A4 : H] = 12/6. For all
g€ Ay, gH = Hg. So

1. if ge H, then gH = H = Hg
2. if g ¢ H, then gH # H.

Since [A4 : H] = 2, this means Ay = H U gH but we also would have Hg # H
and Ay = HU Hg/ Thus,

HugH=HUHg — gH = Hy,
since those unions are disjoint. So

gHg ' =H,
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for all g € Ay.
Note that the group A4 has 8 three cycles:

(123), (132), (124), (142), (134), (143), (234), (243).

So H has at least one of three cycles, say (123) € H. This implies that (123)~! =
(132) € H. Then,

(124)(123)(124) " = (243) € H, (243)(123)(243)" " = (142) € H,
But then H has at least 7 elements:
(id), (123), (132), (243), (243) 1, (142), (142)

But [14| = 6. So H does not exist.
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4 Fermat’s little theorem

4.1 Fermat’s little theorem

Definition 4.1. FEuler’s ¢-function ¢ : N — N is defined as

o(1) =1
6(n) = {m | 1 <m < n,ged(m,n) = 1} = [U(n)).

Theorem 4.1. Let a and n be integers with n > 1 and ged(a,n) = 1. Then,
a®™ = modn

Proof. Since ged(a,n) = 1, this means that a € U(n). Then, |a||U(n)| = ¢(n).
So
¢(n) = lall

and .

am) — glall — (ala\> -1

in U(n). As a result,
a®™ =1 mod n.

Theorem 4.2. Let p be prime. Then, for all integers a,
a’ =a mod p
Proof. If p|a, then a? = a mod p. If p Ja, then ged(a,p) = 1. By Euler’s

Theorem,
a®® =1 mod p.

But p prime means ¢(p) =p — 1. So

a?1'=1 modp = e’ =a mod p.

Example 4.1.1. Consider a = 32 and p = 7. Then,
32" =32 mod 7.

This is extremely useful for modular computation.
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5 Isomorphisms

5.1 Isomorphisms

Informally, two sets are isomorphic if they are the same, but just have different
labels.

Definition 5.1. Let G and H be groups with operations * and o, respectively.
Then, G is isomorphic to H if there is a bijection ¢ : G — H that preserves the
operation, i.e.,

¢(a*b) = ¢(a) o (¢b),

where x is an operation in G and o is an operation in H. Then, we write G ~ H.
Example 5.1.1. Consider
G =u(8) ={1,3,5,7}
H=u(12) ={1,5,7,11}
Prove that «(8) ~ u(12).
Define our map ¢ : u(8) — u(12) by
1—-1
3—5

5—7
77— 11

This is a bijection. To check the operation is preserved, we can compare cayley
tables:

|1 3 5 7 |1 3 5 7
11 3 5 7 11 5 7 11
33 1.7 5 515 1 11 7
5(5 7 1 3 717 11 1 5
7|7 5 3 1 1 7 5 1

5.2 Cyclic groups

Theorem 5.1. (A) Every infinite cyclic group is isomorphic to Z. (B) Every
finite cyclic group G with |G| = n is isomorphic to Z.

Proof. (A) Let G = (a) = {a' | i € Z}. Define a map ¢ : Z — G by ¢(i) = a'.
Then this is a bijection:

e (onto) For any g € G, g = a* for some i € Z. Then, ¢(i) = a’ = g.

e (one-to-one) Suppose that ¢(k1) = a¥* = a*? = ¢(ks). Since G is infinite,
k1 = ko. So ¢ is one-to-one.
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Let ¢,5 € Z. Then,
o(i + ) = a™ = a'a’ = §(i)¢(j).
(B) We are given that G = {a°,a',...,a" 1} = (a). Define
¢: 2y, — G

by ¢(i) = a*. This is clearly a bijection. Given i,j € Z,,, suppose i+j = k € Z,.
Then,

o(i+j) = ¢(k) = a* = a" = a'a = ¢(i)$(j)
O

Theorem 5.2 (Properties of isomorphisms). If ¢ : G — H is an isomorphism,
then

1. ¢(eg) =eq.

2. ¢(9)"t =g

3. |G| = |H|

4. If G is abelian, so is H

5. If G is cyclic, then so is H

6. If G has a subgroup of order m, then so does H
7. For all g € G, |g| = |¢(9)|

Proof. (1) We know egeg = eg. So ¢(eq) = ¢(egeq) = ¢(eq)p(eq). Then,

end(ec) = ¢lec)d(ec).
By the cancellation property, ey = ¢(eq).
(2) Observe that

en = dlea) = ¢(99™") = ¢(g)d(g ™).
Since inverses are unique, ¢(g)~! = ¢(g71).
(3) Since ¢ is a bijection, |G| = |H]|.
(4) Let hy,hy € H. Then,
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(5) Same type of proof

(6) Homework

(7) Let a = |g|, i.e. g* = eg. Then,

en = dlea) = ¢(9") = d(9) -+~ d(9) = ¢(9)*

Sob=14(g)| < a.

Now, let b = |¢(g)|. So

$(9)" = g+~ 9) = (¢") = enr = ¢(ec)-

Since ¢ is one-to-one and gb =eqg, so a < b. Therefore,a <b<a. Soa=0b. O

Example 5.2.1. D, and Zg are not isomorphic because Z, is cyclic whereas
Dy is not.

Example 5.2.2. u(8) and Z4 are not isomorphic because |1| = 4 in Z4 but
every element has order to in u(8).

Example 5.2.3. Let G be any finite group of order p (prime). Then, G ~ Z,
because G is cyclic with order p.

Fundamental problem of finite group theory. Classify all finite groups up
to isomorphism (memorize this table):

n | all groups of order n up to isomorphism
1 {e}

2 Zo

3 Zs3

4 Z4, u(8) = Z2 X ZQ

5 Zs

6 Zg, S3

7 L7

5.3 Cayley’s Theorem

Theorem 5.3. Every group is isomorphism to a group of permutations.

Example 5.3.1. Consider
U(8) ={1,3,5,7}.
For each g € U(8), we acn define a bijection
Ag 1 U@B) = U(8)
by letting A\,(z) = gx. So Az is defined by A3(z) = 3x:

1—-3-1=3
3—-3-3=1
5—-3-5=7
7—>3-7T=5
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So we can write A3 as a permutation:

1 3 5 7
3 1 7 5
Likewise,

1 3 5 7 1 3 5 7 1 3 5 7
A1_(1 3 5 7>’A5_<5 71 3>’A7_<7 5 3 1)
Example 5.3.2. Let U(8) = {1, A3, A5, A7} as a set of bijections from U(8) to
itself. Then, U(8) ~ U(8) as groups.
Proof. For each g € G, define), : G — G given by \; = g(z). O

Theorem 5.4. Each A\, : G — G is a bijection, i.e., a permutation of elements

of G.
Proof. (surjective) Let g € G. Since g~ € G, so is g~ *G. Then,

A (g7'G) = g(g7'@) = (997G =G.

(injective) Suppose \y(z) = gz = gy = Ay(y). But, by cancellation, gz = gy
implies z = y. So )\, is injective.
Therefore,
H={\|geG}=0G.

O

Theorem 5.5. H is a subgroup of all the permutations of the elements of G
under composition.

Proof. (closed) Take Ag, A, € H. Then,
(Ag 0 An)(x) = Ag(An(2))
= Ag(hx)
= ghx

But g,h € G so gh € G and Ay, € H and Ay (x) = ghz. So
(AgAn) (@) = ghx = Agn(x).

1dentit, mcee € G, A\ € H. Forall z € G, A\e(x) =ex =x. S0 A 1s the
(identity) Si G, A\ € H. For all z € G, A () So A is th
identity function.
mverse) Consider €. dince ge G, g € G,and so A,-1 € . en,
i Consider A\, € H. Si GlGd)\g H. Th
for all z € G,
(AgoXg-1) =g(g7 (x)) =z = Ae(2)

Theorem 5.6. G~ G =H
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Proof. Define ¢ : G — H by g —+ Ag. We check that this is an isomorphism.
(surjective) If Ay € H, then g € G, and ¢(g) = A,.
(injective) Suppose ¢(g) = Ay = Ap, = ¢(h). Since e € G, we have

Ag(e) = ge = he = Ay (e).

So g = h (¢ preserves operation).

So
d(g) 0 d(h) = (Ag 0 M) = Agn = ¢(gh)
So H ~ @G, as desired. O

5.4 Direct Products
Let (G, *) and (H, o) be two groups.

Definition 5.2 (External direct product). Gx H = {(g,h) | g € G and h € H}
s a group under the operation

(91, h1) (92, h2) = (91 * g2, h1 0 h2)
Example 5.4.1. Consider Zy = {0,1}. Then,
Ly X Ly = {(07 0)’ (0’ 1)7 (1a O)’ (17 1)}

Note that |Zo X Zs| = 4 but Zy X Zy # Z4 since Zy X Zsy has no element of
order 4.

Example 5.4.2. Zs x Z3 = {(0,0), (0,1), (0,2), (1,0), (1, 1), (1,2)}

Theorem 5.7. If (9,h) € G x H and |g| = r and |h| = s, then |(g,h)] =
lem(r, s).

Example 5.4.3. In Z3, |1| = 3 and Zs, |1| = 5. So in Z3 x Zs,
[(1,1)] =15 = lem(3, 5)

So Zsz X Zg =~ Zs5

Theorem 5.8. Z,, X Zy, =~ L, if and only if ged(m,n) = 1.

Proof. (=) Suppose Z,, X Zp =~ ZLpm, but ged(m,n) =d > 1. So

o (3) = (2)n <

But then, for all (a,b) € Z,, X Zy,

(a,b) + - (a,b) = (an (%) ,bm (%)) = (0,0)

@.E [
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So every element in Z,, X Z,, ahs order less than mn/d but Z,,, has at least 1
element of order mn, which allows a contradiction to arise.
(<) |1l =nin Z, and |1| = m in Z,,. Since ged(m,n) =1 and lem(m,n) =

mn,

|(1,1)] = lem(m,n) = mn,
ie., ((1,1)) = Zpy, since |Z,, X Z,| = mn. O
Remark. ged(a,bd) - lem(a, b) = ab.
Given a group G, can we find subgroups H and K such that G = H x K?

Definition 5.3. Let G be a group with two subgroups H and K. Then, G is an
internal direct product of H an K if

e G=HK ={hk |he H ke K}
e HNK = {e}
o hk =kh for allk € K and h € H.

Example 5.4.4. Let G = U(8) = {1,3,5,7}, H = {1,3} and K = {1,5}.
Then,

o HK ={1-1,1-5,3-1,3-5} = {1,5,3,7}.

e HNK ={e} ={1}

e Since U(8) is abelian, hk = kh for all k € K and h € H.
So U(8) is the internal direct product of H and K.
Theorem 5.9. If G is the internal direct product of H and K, then G = Hx K.
Example 5.4.5. U(8) = H x K

Proof. Observe that every g € G can be written as g = hk for some h € H, k €
K. So we define ¢ : G — H x K, by ¢(g) = (h, k). First, we need to show
that ¢ is well defined. Suppose g = h1k1 = hoks. Then, h;lhl = kgkl_l. Since
hy'hi € H and kok;' € K,

hy'hy = koky' € HN K = {e}.

So hy = he and k1 = kg so g = hk is the unique ay of factoring g.
We claim that ¢ is one-to-one and onto (check this fact) so we just need to
show that the operation is preserved.

#(9192) = ¢(h1k1haks)
= ¢(h1hokiks)
= (hihg, kiks)
= (h1,k1)(h2, k2)
= ¢(91)9(92)
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Example 5.4.6. Let T'= {2"3™ | n,m € Z} C Q. Prove that T ~ Z x Z.

Proof. So we want to show that T is an internal direct product of 77 = {2" | n €
Z} and To = {3™ | m € Z}.

e Note that Ty N Ty = {1} = {2°} = {3°}
e Also, note that ¢ty = toty for all t; € T} and ty € T5, since T is abelian.
e LetteT. Sot=2"3". But 2" € Ty and 3™ € Ty, so T = T T5.

So T is an internal direct product of 77 and T5. Then, we apply the previous
theorem to conclude that T ~ T} x T5. O

Remark. For finite groups, we can proe cancellation:
GxH=GxK — H=K

If G is not finite, this is false. Let G =Z X Z X Z X Z x ---. Let H = Z and
K=7ZxZ. Then, Hx G=K xGbut H # K.
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6 Factor groups

6.1 Factor groups

Recall that if H C G is a subgroup, then we have left and right cosets: gH and
Hyg. Hereafter, we write % to denote the set of all distinct left cosets.

Example 6.1.1. Consider G = Zg and H = {0,4}. Then,

G
7 =0+ H1+H.2+H3+H}

So % is a set. Does % have extra structure? In particular, is % a group?

Definition 6.1. % is a factor group (or quotient group) if % s a group.
So how should an operation on % be defined? Our first guess is to use

(aH)(bH) = (abH),

We have defined our operation in terms of coset representative but the prob-
lem is that there are many a’ such that aH = o’ H.

Example 6.1.2. Consider the following in %:

(1+H)=(5+H)

(2+H)=(6+H)

(1+H)+(2+H)=3+H)
G+H)+(6+H)=(11+H)=(3+H)

Example 6.1.3. Consider

Sz ={(1),(12),(13),(23), (132), (123)}
N ={(1),(12)}
Then,
% ={(1)N, (123)N, (23)N }

In this case, (123)N and (13) NV are same cosets but (123) N(23) N and (13) N (23) N

are different:
(123)N(23)N = (123)(23)N = (12)N

(13)N(23)N = (13)(23) = (132)N
So when is % a group? It depends on H. H neeeds and extra property!

Definition 6.2. A subgroup N C G is a normal subgroup if gN = Ng for all
gea@qG.

Theorem 6.1. If G is abelian, every subgroup is normal.
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Proof. For any g € G and subgroup N C G,
gN ={gn|neN}
Since G is abelian, gn = ng for all n € N. Thus,
gN = Ny,
and N is normal. 0
Example 6.1.4. Consider
N = {(1),(12)} C Ss.
Then, N is not normal since
(123)N # N(123).
Theorem 6.2 (Normal subgroup test). Let N C G be a subgroup. Then,
following are equivalent:
1. N is normal in G
2. gNg ' C N forallg € G
3. gNg ' =N forallge G

Proof. (1 = 2) Suppose N is normal, i.e., gN = Ng for all g € G. So for any
g € G, there exists n and n’ € N such that gn = n’g. So, for any g € G and

neN,

gng~'n’

for some n’ € N. But this means
gNg~'={gng™' |[ne N} C N

(2 = 3) It suffices to show that N C gNg~! for g € G. Let n € N and
let g € G. By (2),
("N~ S N

Thus,
g 'n(g™) T eN
but then
n=g(g 'n(g™") ) g €gNg™!
(3 = 1) We are given gNg~—! = N for all g € G. So

for some n € N and n’ € N. Then,

gn=ng.
So for any g € G,n € N, gn € gN is also in Ng since ng = n’g. So gN C Ng.
By a similar argument Ng C Ng. U
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Remark. gN = Ng does not imply gn = ng for all ¢ € G and n € N. It means
that there exists n and n’ such that gn = n’g.

Theorem 6.3. Let G be a group with a normal subgroup N. Then,
G/N = {all distinct let cosets}
s a group where the operation is
(aN)(ON) = (ab)N
Definition 6.3. G/N is called the factor group or quotient group.

Proof. (Step 1) First, we show that the operation is closed and well defined.
The operation is closed since abN € G/N. To check for well definedness, we
need to show that if aN = o’ N and bN = b’ N, then

abN = a'V'N.
Let t € abN, so t = abn. Since bn € bN = b’ N, there is no such that
bn = b'bns.

Also, since N is normal,
W¥N = NV.

So b'ny = nzb’ for some n3z € N. Then,
t = abn = a(b'ny) = a(nzb’) = (an3z)b’.
So ang = aN = a’'N. So ans = a’ny for some ny € N. Then,
t = (an3)t/ = (a'ng)b’ = o’ (nyd").
Since n4b’ € Nb = V' N, we have
nab’ = b'ng
for ns € N since N is normal. So
t=a'(nab") = a't'ns € a'b'N.
Thus, abN C o'’ N. A similar argument can be made for the other direction.
(Step 2 - identity) eN is the identity.
(Step 3 - inverse) If gN € G/N, g7'N € G/N and
(gN)(g~'N) = (99~ ")N = eN.
(Step 4 - associativity) Since operations in G is associative, this operation is

asociative. O
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Example 6.1.5. Consier the following normal set:
D = {Ro, Ris0} C Ds.
Then,
D4/N == {RoN, RgoN, I’I’I’L,l)lj\/v}‘7

where
RoN = {Ro, Rigo}
RooN = {Rgo, Ra70}
HN = {H,V}
DiN = {Dy, D5}

Then, we can make the following operation table:

| ReN RN HN DN

RoN | RyN RgoqyN HN DN
RooN | RN RyN DN HN
HN | HN DN RyN RgN

DN | DN HN RgqN RyN

Note that properties of G/N are related to property of G and N.

Theorem 6.4. Suppose N C G is normal. Then, the quotient G/N is abelian
if and only if ghg=*h=' € N for all g,h € G.

Proof. G/N is abelian if and only if
* (gN)(hN) = (hN)(gN)
o ghN = (hg)N  forall hge N
o (gh)(hg)~t €N
o (gh)(g~'h™H) eN
O

Theorem 6.5 (Cayley’s theorem for finite abelian groups). Let G be a finite
abelian group. If p is a prime such that p‘|G|, then G has an element of order
p (a partial converse of Lagrange’s theorem)

Proof. If n = 2 ~ Z,. Now, 2||G| = 2 is the only prime that divides 2 and Z,
has an element of order 2.

Now, I claim that if % has an element of order m and |G| < oo, then G has
an elemnt of order m. First, suppose that gIN has order m. So

(gN)™ =¢g™N =eN.
If d = |g|, then (gN)d = g?N = eN. This means that

m|d < d =mk.
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But then, |g| = mk implies |g¥| = m.

Suppose n = |G| > 2. Let e # x € G and let || = ¢gm = 2 where ¢ is a
prime. If ¢ = p, then |z™| = p, and we are done. If ¢ # p, then (™) is a cyclic
group of order ¢q. This is normal in G since G is abelian, so

~_ G
“=

is a group with |G| = |G|/q = n/q < n. Since p||G| = n and p # q and p|n/q, so
p‘ |G|. By definition, G has an element of order p. By the claim, we then have
G has an element of order p. O

Example 6.1.6. Observe that
|U(23)| = 22.
Since 2|22 and 11|22, this group has elemnts of order 2 and 11.
Example 6.1.7. Since |U(43)| = 42 =2 x 3 x 7, U(43) has an element of order
2.3,7.
6.2 Simple groups

Definition 6.4. A group G is a simple group if it does not have any non-trivial
normal subgroups.

Theorem 6.6. If p is prime, Z, is simple.

Proof. If p is prime, the only subgroups of Z7Z, are the trivial subgroups. So it
can’t have nontrivial normal subgroups. O

Theorem 6.7. For alln > 3, A, is simple.
Proof. We provide an outline of the proof instead:
1. For all n > 3, A,, is generated by 3 cycles.

2. If N is a normal subgroup in A,, with n > 3 and if N contains a 3 cycle,
then N = A4,,.

3. If n > 5, any normal subgroup N < A,, contains a 3 cycle.
Then, steps 2 and 3 imply the theorem. O
Example 6.2.1. If n = 3, A3 is also simple since |A3| = 35' =3, 80 A3 ~ Zs.
Example 6.2.2. If n = 4, then A,, has a normal subgroup:
N ={(1),(12)(34), (13)(24), (14)(23)} =~ Z3 X Z3

N does not have a 3-cycle.
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Remark. While A, is simple if n > 5, S, is never simple except if n = 1 or
n=2.

Theorem 6.8. For alln > 3, Az is normal in S,,.

Proof. We want to show that
cAc ' C A,

for all o € S,,.
If o = 0109 - - 09; is an even permutation, thensoiso ™! Let =71 -+ 1o €
A,. Then, 70~ consists of even number of permutations. So

soTo 1 € A,,.
If o is odd, then oo~ ! still consists of even number of permutations. So

sorol € A,.

O
Corollary 6.1. 2= ~ 7,
Proof. Note that
’Sn Sl ! _ s
ol Ve €y
Since there is only one group with order 2, i—" ~ 7. O

Example 6.2.3. If G/N is abelian and N abelian, is G abelian? No, S3/A3 ~
Zo is abelian and Az ~ Zs3 is abelian but S3 is not.
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7 Homomorphism

7.1 Homomorphism

Definition 7.1. Let (G,*) and (H,o) be two groups. A homomorphism is a
function, ¢ : G — H such that

p(a*b) = ¢(a) o p(b),
for all a,b € G.
Note that we drop the bijection condition of an isomorphism.

Example 7.1.1. Define a map ¢ : Z — Z,, by
¢(a) =a mod n.
This is an isomorphism since

dla+b)=(a+b) modn
=(a modn)+ (b modn)

= ¢(a) + o(b)
Example 7.1.2. Consider ¢ : R* — R* defined by
¢(x) = .
This is an isomorphism because
¢(ab) = |ab] = [al|b] = ¢(a)¢(b)
Example 7.1.3. Consider ¢ : GL2(R) — R* defined by
9(A) = det(A)
This is an isomorphism because
$(AB) = det(AB)
= det(A) det(B)
= ¢(A)p(B)
Theorem 7.1. Let ¢ : G — H be any group homomorphism. Then,
1. ¢(eg) = en
2. ¢(a)” = ¢ (a™) for alln € Z

3. ¢la)™ = ¢ (a7t)
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4. If N C G is a subgroup, then

is a subgroup of H
5. If K is any group of H, then
¢~ (K) = {g € G Iphi(g) € K}
is a subgroup of G. If K is normal, so it ¢~ (K).
Proof. (1) Note that e = eqeq. So
dlec) = dlecea) = ¢lec)d(eq)
We multiply both sides by ¢(eg)~!, we have
en = dlea) ' dleq) = dlea) ' dleq)dleq) = dleq)

(2) If n = 0, this is just 1. So suppose n > 1:

by homomorphism property. If n <1, then —n > 1 so
P(a)™" = ¢(a™")
On the other hand,
¢(a)" (¢(a)") " = d(a)"d(a) " = en
= eq, we have

dlec) = en = dp(a")p(a™™).

Also, since a™a™"

So
Pa™)p(a™") = ¢(a)"¢(a)™"

Finally, we can cancel ¢(a~™) with ¢(a)~™ to obtain

(3) This is property 2 with n = —1.
(4) Apply the usbgroup test to

$(N) ={o(n) | n € N}

e (identity) Since e € N, and ¢(eg) = em, so eg € ¢(N).
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e (closure) Let a,b € ¢(N). THen,

for some ni,no € N. Then,

ab = ¢(n1)d(n2) = ¢(nina).
But niny € N. Since ning € N, so ab € ¢(N).
e (inverse) Let a € ¢(N), so a = ¢(nq) for some ny € N. Then,
a~t = ()"t = g(ny").
But n; ' € N since n; € N. So a™! € ¢(N).
(5) We use a subgroup test to show that
¢ H(K)={9€ G |d(a) € K}
is a subgroup.
e (identity) Since ey € K and ¢(eq) = en, eq € ¢~ (K).

e (closure) take a,b € ¢~*(K). So ¢(a) and ¢(b) € K. So ¢(a)é(b) € K
since K is closed. But since ¢(a)p(b) = ¢(ab), we have ab € ¢~ (k).

e (inverse) Take a € ¢~ 1(K). So ¢(a) € K and ¢(a)™! = ¢(a™') € K. So
a”! € ¢71(K). Now, assume K is normal. We want to show that

90 (K)g~' C o7 (K).
Take t € gp~1(K)g~! so t = gag~* with ¢(a) € K. Then,
¢(t) = ¢(gag")

= ¢(g9)p(a)d(g™")
=¢(9)d(a)p(g) "' € p(9)Kop(g)' CK

Since K is normal, so it ¢(t) € K so t € ¢~ (K).

7.2 Kernels

Definition 7.2. If ¢ : G — H is a group homomorphism, then the kernel of ¢
18

Ker(¢) ={9 € G | ¢(9) = en}
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Example 7.2.1. Consider
¢:7— 7Ly

given by ¢(a) = a mod n. Then,
Ker(¢) = {9,£n,+2n,...} = nZ.

Theorem 7.2. Let ¢ : G — H be any group homomorphism. Then, Ker(¢) is
a normal subgroup of G.

Proof. {ey} is a normal subgroup in H. So ¢~!({ex}) is normal subgroup in

G. But
¢ '({eun)) ={9 € G | d(9) € {en} = o(9) = en}
= Ker¢

Remark. Given ¢ : G — H a group homomorphism, %M)) is a group also.

Theorem 7.3 (First isomorphism theorem). Let ¢ : G — H be any group
homomorphism with k = Ker(¢) and L =Im(¢). Then, G/K = Im(¢)

Example 7.2.2. f:7Z — Z4 is a group homomorphism when f(a) = a mod 4.
Then, Imf = Z4 because f is onto. Furthermore,

Kerf = {0,+4,+£8,---} = (4).
By the first isomorphism theorem, Z/(4) = Z,.

Lemma 7.1. Let ¢ : G — H be a group homomorphism with K = Ker(¢).
Then, ¢(a) = ¢(b) iff aK = K.

Proof. (=) Suppose ¢(a) = ¢(b). Then, ¢(a)d(b)* = ex. So
e = ¢(a)p(b) ™! = d(a)p(b™") = ¢(ab™").

So ab™! € K but this means aK = bK.
(<) If aK = bK, then ab~! € K. So

$ab™!) = d(a)p(b™") = ¢(a)g(b) = en.
But then ¢(a) = ¢(b). O

Definition 7.3. Let G be a group with normal subgroup N. Then, the map
m: G — G/N defined by ¢(g) = gN is called the natural homomorphism.

Proof. We cliam that ¢ : G/K — Img¢ given by ¢(gK) = ¢(g) is an isomor-
phism.

First, we want to show that ¢ is well-defined. Suppose aK = bK with
respect to p(aK) = p(bK). Now, ¢(aK) = ¢(a) and p(bK) = ¢(b), and by the
Lemma, ¢(a) = ¢(b). So ¢(aK) = ¢(bK).
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Now, we want to show that ¢ is a group homomorphism. Let a K, bK € G/K.
Then,
w(aKbK) = p(abK)
¢(ab)
P(a)o(b)
= p(aK)p(bK)
Now, we want to show that ¢ is surjective. Let t € Im¢. So thereisa g € G

such that ¢(g) =t. But then gK € G/K, and ¢(gK) = ¢(g) =t.
Finally, we want to show that ¢ is injective. Let aK,bK € G/K. Suppose

p(aK) = ¢(a) = m(b) = p(bK).

Since ¢(a) = ¢(b), by the Lemma, a K = bK so ¢ is injective.
So by these facts, G/K ~ Img. O

Example 7.2.3. For any n > 1, Z/(n) ~ Z.

Proof. We have a group homomorphism f : Z,, — Z, given by f(a) = a mod n.
Then,

Imf =127,
Kerf ={a; £ n,...} = (m)
So by the first isomorphism theorem, Z/(a) = Zy,. O

Example 7.2.4. Let S,, be the symmetric group with n > 3. Define f : S, —

Zg by
0 if ois even
J(o) = {1 if o is odd

This is a homomorphism.
Proof. Let 01,02 € S,,. Then,

1. 01,02 both even:
f(o102) =0=040= f(o1) + f(o2)
2. o1 even, oy odd:

flo102) =1=0+1= f(o1) + f(o2)

3. 01 odd, o9 even: same as above

4. 01,09 both odd:

flo102) =0=1+1= f(01)f(02)
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Note that Ker(f) = A, and Im(¢) = Zs. So S, /A, ~ Zs.
Corollary 7.1. Forn > 3, A, is is normal in S,,.

Proof. Since A,, is the kernel of some homomorphism, and because all kernels
are normal, A,, is normal. O

Example 7.2.5. Suppose ¢ : Zzg — Zs3g is a group homomorphism and
Ker(¢) = {0,10,20}. If ¢(23) = 9, find all elements of Z3y that get mapped to
9, i.e. find all b such that ¢(b) =9.

We want all b such that

$(23) =9 < 23+ K=0+K
— (23-b) € K ={0,14,20}
<~ b=3,13,23

Theorem 7.4. Let ¢ : G — H be a group homomorphism. Then, ¢ is one-to-
one if and only if Ker(¢) = {eg}. (Kernel measures injectivity)

Proof. (=) Assume ¢ is one to one with repsect to Ker(¢) = {eg}. Take
g € Ker(¢). So
¢(9) = en = d(eq).
Since ¢ is one-to-one, g = eg.
(<) Assume Ker(¢) = {eg}. Suppose ¢(a) = ¢(b) € H. Hence,

e = ¢(a)op(b)™
= ¢(a)p (b77)
=¢ (abil)
So ab™! € Ker(¢). So ab™! =eq = a=hb. O

Theorem 7.5. If ¢ : G — H is injective, H has a subgroup isomorphic to G,
namely Im(¢).

Proof. ¢ injective implies that Ker(¢) = {eg}. By the first isomorphism theo-
rem, we find that G/{eg} ~ Im(¢). But G ~ G/{ec}. So G ~ Im(¢) O

Theorem 7.6. Suppose ¢ : G — H is an onto homomorphism with Ker(¢) =
K. If |G|, |H| < oo, then,
|G| = [k[|H]

Proof. Since ¢ is onto, by the first isomorphism theorem, we have G/K = H.
So
|H| = |G/K|=|G|/|K| = |G| = |HI K],

by the Lagrange’s theorem. O

Definition 7.4. The trivial homomorphism ¢ : G — H is the homomorphism
o(g9) =eqy forallg € G.
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Here are some useful facts:
1. G/{ec} ~G.
2. G/G ~{eg}.

Example 7.2.6. Suppose ¢ : Z,, — H with p a prime such that if ¢ is not the
trivial homomorphism, then ¢ is one-to-one.

For this example, it is sufficient to show that Ker(¢) = {0}. Note that Z,
only has trivial subgroups. Since the Kernel of ¢ is a subgroup of Z,,, we know
that the kernel of ¢ is either equal to {0} or Z,. If Ker(¢) = Z,, then ¢ is the
trivial homomorphism so it must be that Ker(¢) = {0}.

Theorem 7.7 (Second isomorphism theorem). Let H be a subgroup of G (not
necessarily normal) and N a normal subgroup of G. Then,

1. HN = {hnlh € H,n € N} is a subgroup of G
2. N is normal in HN
3. HN N s normal in N
4. HN/N ~ H/(HNN)
Proof. Here’s an idea of the proof:
1. Prove that HN is subgroup of G
2. Prove that N isnormal in HN and H N N is normal in H
3. Define a map ¢ : H - HN/N by ¢(h) = hN

(a) Show ¢ is a homomorphism
(b) Show ¢ is onto

4. So 3 implies that H/Ker(¢) ~ HN/N by the first isomorphism theorem
5. Show Ker(¢) = HNN.
O

Theorem 7.8 (Correspondance theorem). Let G be a group with a normal
subgroup N.

o If K is a subgroup such that N C K C G, then K/N is a subgroup of
G/N.

o If L is a subgroup of G/N, then there is a subgroup N C K C G such that
L=K/N.

Example 7.2.7. Consider G = Zg and N = {0, 4}.
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e Subgroups of N C K C G:

1. NCN={0,4}CG
2. NC{0,2,4,6} CG
3. NCGCG@

e Subgroups of G/N ~ Zg/N ~ 74

1. N/N ={0+ N}
2. {0,2,4,6}/N = {0+ N,2+ N}
3. G/IN={0+N,1+ N,2+ N,3+ H}

Theorem 7.9 (Third isomorphism theorem). Let G be a group with H and N
normal subgroups such that N C H C G. Then,

G/H ~(G/N)/(H/N)
Proof. Here’s a sketch of the proof:

1. Define a group homomorphism ¢ : G/N — G/H by ¢(gN) = gH (need
to check that this is well-defined and a homomorphism)

2. Show that ¢ is onto
3. Show Ker(¢) = H/N C G/N.
Combining (1), (2), (3), and the first isomorphism gives
(G/N)/(H/N) ~G/H,

as required. O
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8 Rings

8.1 Introduction
Informally, a ring is an additive group with more structure.

Definition 8.1. A ring R is a set with two binary operations (usually addition
and multiplication) such that for all a,b € R,

1.a+b=b+a

2. (a+b)+c=a+(b+c)

3. There is an additive identity 0 € R such thata+0=0+a=a
4

. There is an additive inverse (—a), i.e., for all a € R, we have
a+(—a)=(—a)+a=0

5. (ab)e = a(be)
6. a(b+c) =ab+ ca and (a + b)c = ac+ be

Note that the first four conditions imply that a ring is an abelian group
under addition

Definition 8.2. A ring R has an identity if there is 1 € R such thatal = la = a
for all a.

Definition 8.3. A ring R is commutative if ab = ba for all a,b € R.

Definition 8.4. A ring R is an (integral) domain if R has identity, is commu-
tative, and ab =0 implies a =0 or b =10

Definition 8.5. A ring R is a division ring if R has an identity and if every

element a € R has a multiplicative inverse, i.e., there exists a=' € R such that
-1

aa” " =1.

Definition 8.6. A field is a division ring that is commutative.

Remark. If a € R has a multiplicative inverse, we say a is a unit.

Example 8.1.1. Consider Z, a set of all integers.
e binary operations are regular 4+ and X.
e has an identity
e is commutative
e domain

e not a field since if a # 1, —1,0, then a is not a unit
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Example 8.1.2. Q,R, C are all rings. In fact, they are fields.

Example 8.1.3. Z, is a ring where operations are addition and multiplication
modulo n.

e binary operations are addition and multiplication modulo n
e commutative with identity

e not a domain because 2 x 3 =0 mod 6 but 2 # 0 and 3 # 0. However,
Zs is a domain (in fact a field).

Example 8.1.4. E = {2n|n € Z} is aring that is commutative without identity.

Example 8.1.5. M>(R), a set of all two by two real matrices, is a ring that is
not commutative but has an identity (the identity matrix).

Theorem 8.1 (Properties of a ring). Let a,b € R, then
1.a-0=0-a=0
2. a(=b) = (—a)b = —(ab)
3. (—a)(—b) = ab
If1 € R, then
4. (-l)a=—a
5 (-1)(-1)=1

0. identity is unique
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Proof. (uniqueness of identity) Suppose 1 and 1’ are identities of R. Then,
1=11"=1
Sol=1". O
1

Theorem 8.2 (uniqueness of inverses). If a € R and a is a unit, then a™ ' is
unique.

8.2 Subring

Definition 8.7. A subset S of a ring R is a subring if S is also a ring under
the operation of R.

Theorem 8.3. Let S C R be a subset of a ring R. Then, S is a subring if
1. S£ 0
2. rs€ S forallr,s € S (closed under multiplication)
3. r—se8 forallr,s €S (closed under substraction)

Example 8.2.1. {0} C R and R C R are the trivial subrings.

Example 8.2.2. F = {2n|n € Z} is a subring of Z. Note that Z has an identity
but E does not.

8.3 Integral Domains and Fields

Consider the following example:

Example 8.3.1. If R = Zg, then in this ring, 2,3 # 0 but 2 x 3 = 0.
So two non-zero elements can multiply together to get 0.

Definition 8.8. A nonzero element a in ring R is called a zero divisor if there
is an nmonzero element b in R such that ab = 0.

Example 8.3.2. 2 and 3 are zero divisors in Zg.

Definition 8.9. A commutative ring R with identity is an (integral) domain if
it has no zero divisors.

Example 8.3.3. Z,Q,R,C are all integral domains.
Theorem 8.4. Z,, is domain if and only if n is prime.

Proof. Assume Z,, is a domain. We want to show that n is prime. Instead, we
can prove the contrapositive statement: “If n is not prime, then Z, is not a
domain”. Since n is not prime, n = ab with 1 < a,b < n. Then, a # 0 and
b#0in Z, but ab=n =0 mod n. So Z, has zero divisors, i.e., not a domain.

Suppose that n is prime. Suppose a,b € Z,, and ab = 0. We want to show

a=0or b=0. Since ab = mod n, this means ab = nk. So n divides ab. But
because n is prime, then n|a or n|b. But if n|a, then a = nl so a == 0 mod n.
Similarly, if n|b, then b =0 mod n. O
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Example 8.3.4. Consider
ZIV2] = {a+bV2 | a,bc Z}
This is a subring of R. It is also a domain.

Definition 8.10. If R and S are rings, then R X S is a ring with the following
operations:
(r1,81) + (r2, 52) = (r1 + 72,81 + 82)

(r1,51)(r2, 82) = (1172, 5152)

Example 8.3.5. Even if R and S are domains, R X S is not a domain.

Example 8.3.6. Consider R =S =Z. Z x Z is not a domain because

Domains have cancelation property, i.e., ab = ac implies b = ¢ if a # 0. In
fact, we have the following theorem:

Theorem 8.5. Suppose ab = ac with a # 0. Then, R is a domain if and only
if cancellation holds.

Proof. (=) Suppose R is domain and ab = ac with a # 0. Then,
ab—ac=alb—c)=0

Since R is a domain and a # 0, b—c=0 and b= c.
(<) Suppose that ab = 0 in R. If a = 0, we are done. So suppose a # 0.
Then, ab = 0 = a0. Thus, by cancellation property, b = 0. O

Definition 8.11. A domain F is a field if for every 0 # a € F, there exists an
a~t € F such that aa™! =1 (every nonzero element of F is a unit).

Example 8.3.7. Q,R, C but not Z.
Theorem 8.6. If a domain is finite, then it is also a field.

Proof. Suppose that {a1,as,...,a,} are the non-zero element of our domain D.
We want to show that for every a € D, we can find a~' € D such that aa™' = 1.
Notice that a; = 1 since 1 € D. Now, multiply everything in {aj, as,...,a,} by

a to get {aai,aas,...,aa,}. If aa; = aa;, by cancellation, we have a; = a;. So
when we multiply by a, we are shuffling all the elements. So aay = 1 for some
ay. But then, a™! = a;, So D is a field. O

Corollary 8.1. Z, is a field for all prime p.

Example 8.3.8. Consider
QV2 ={a+b/2 | a,beQ} CR.
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This is a field.
Take a + bv/2 € Q[v/2]. We want to find ¢ + dv/2 such that

(a+bV2)(c+dv2) =1.

(a +bV2)(c+ dV?2) =ac+ adv2 + bevV2 + bd2 = 1
— (ac + 2bd) + (ad + be)V2 = 1+ 0v2
By solving this, we find that

a J— -b
a? — 2277 a2 — 22

CcC =

Definition 8.12. The characteristic of a ring R is the smallest positive integer
n such that for allr € R, nr =r+---+r = 0. If no such integers ezist, we say
that the characteristic is 0. We write char(R) = n.

Example 8.3.9. Char(Z,) =p

Example 8.3.10. Char(Z) =0

Lemma 8.1. If1 € R and order of 1 is n, i.e., nl =0, then Char(R) = n.
Theorem 8.7. If R is a domain, then Char(R) =0 or p, a prime.

Proof. Suppose Char(R) # 0, i.e., Char(R) = n. If nis not a prime, then n = ab
with 1 < a,b < n. Then,

1+---+1=0
———
Then,
(T4 4D+ 1+ D) (144 1) =0.
———

But ba = 0. Byt R is a domain so a = 0 or b = 0. This is a contradiction since
neither a nor b are equal to 0. O
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9 Ideals

9.1 Ideals

Definition 9.1. A subring I of a ring R is an idean if for all x € I and all
r € R, rx and xr are in I. I is a proper ideal if I C R.

Example 9.1.1. Let R be any ring. The subring I = {0} is an ideal since
1. {0} is a subring of R
2. for all 7 € R, and any z € {0},

re=axr=r0=0r=0¢€ {0}

I = {0} is the trivial ideal or zero ideal.

Example 9.1.2. Z C Q is a subring but not an ideal. Note 1 € Z and 1/2 € Q
but s1/2-1 ¢ Z.

Example 9.1.3. If R=7 and fix n € Z, n > 0. Then,
(n)y ={0,+n,£2n,...}
is an ideal of R.

Proof. This set is a subring of Z. Take an elements a € (n) and take any r € Z.
Now, a = nl for some [ € Z. Then,

ra = ar = r(nl) =n(lr) € (n)
since Z is commutative. O
Remark. If R is commutative, then we only need to check that rz € I.

Theorem 9.1. Let R be a commutative ring with identity. For any a € R, let
11 be the set
I={ra|reR}

Then, I is an ideal of R.

Definition 9.2. An ideal of the form {ra | r € R} for some a € R is called the
principle ideal generated by a. We write this as I = (a).

Before we prove Theorem we present a way to test for an ideal: A
nonempty set I C R is an ideal if

1. Forall z,y e I, x —y € I.
2. Forallz e Il andr € R, rxz,xr € I

Here is the proof for Theorem
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Proof. Since 1 € R, a=1-a € I. So I is not empty.

1. First, let 2,y € I = {ra | r € R}. So & = ra and y = sa for r,s € R.
Then, z —y =ra —rs.

2. Let x € I and € R. So x = ra and thus
te =t(ra) = (tr)a el

since (tr) € R.

Theorem 9.2. All ideals in Z are principal.
Theorem 9.3. Recall that only subgroups of 7, are
nZ ={mn | meZ}=(n)
But these are also ideals. For any ideal I € Z, I is also an additive subgroup of

Z. So I = (n) for some n.

9.2 Factor rings

Let I be an ideal of a ring R. Then, R is abelian additive group, so I is a normal
subgroup of R. So as groups,

R/I={a+1]acR},

this factor is defined. We want to show that R/I also has a multiplication and
so is a ring. We call R/I a factor ring or a quotient ring and read it as R mod
1.

Theorem 9.4. Let R be a ring with ideal I. Then, the set of left cosets
{a+I|a€R}
forms a ring with operations:

(a+I)+(b+I)=(at+b)+1I
(a+1)(b+1)=(ab)+1

Proof. All additive properties hold because R/ is an additive group. First, we
wnat to check that multiplication is well defined. Suppose a +1 = ¢+ I and
b+ 1 =d+ I. Then, we want to show that

(a+D(b+1)=(c+ID)(d+1I)
Givena—c€ I and b —d € I, we have

(a—c)b=ab—cbelc(b—d) =cb—cdel
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Then,

So

But then

(ab—cb)+ (cb—cd)=ab—cd eI

ab+ 1 =cd+ 1.

(a+1)b+1I)=ab+1

=cd+1
=(c+I)(d+1)

So multiplication is well defined.
Now, we want to verify the ring operation with multiplication. Observe that

(a+ Db+ D(c+I)]=(a+I)(bc+1I)

So multiplication is associative. Then,

So multiplication is distributive.

Example 9.2.1. Consider R = Z and I = (5) = {6n | n € Z}. Then, its
distinct cosets are given by

R/II={0+1,1+1,2+1,3+1,4+1}
By the theorem, Z/(5) is a ring:

+

0+1

141

=a(bc)+1
= (ab)e+ 1

(ab+1)(c+ 1)
[la+D)(b+I)|(c+1)

2+1

341

4+1

0+1
141
241
3+1
4+1

X

0+1

14171

2+1

3+1

4+1

0+1
1+1
2+1
3+1
441

0+1
0+1
0+1
0+1
0+1

0+1
141
241
3+1
4+1

67

0+1
2+1
4+1
1+17
3+1

0+1
3+1
1+17
4+1
2+1

0+1
4+1
3+1
2+1
141

O



9.3 Ring homomorphism

Definition 9.3. a function f: R — S with R and S rings is a ring homomor-
phism if

o f(a+0b)= f(a)+ f(b) foralla,be R
o f(ab) = f(a)f(b) for all a,b € R

Definition 9.4. We say that R and S isomorphic if there exists a ring isomor-
phism f: R— S, i.e., f is a homomorphism that is bijective.

Example 9.3.1 (Identity map). Let R = S. Define a map f : R — R by
f(r) =r. This is a ring isomorphism.

Remark. If R and S are isomorphic, we write R ~ S.

Example 9.3.2 (Zero map). Let R and S be any rings. Then, f : R — S
defined by f(r) = 0y is a ring homomorphism.

Proof. Let a,b € R. Then,
o fla+b)=0,=0,+0, = f(a) + /()
d f(a)f(b) =005 =05 = f(ab)

Example 9.3.3. Define a function f : Z — Z by
f(a) =a mod n.

We know this is a group homomorphism, so it satisfies the first part of the ring
homomorphism. Furthermore,

f(ab) =ab mod n=(a modn)(b modn)= f(a)f(b).
So this is a ring homomorphism
Remark. Z, ~Z/nZ = Z/(n) (isomorphic as groups but also for rings)
Theorem 9.5. Let I be any ideal in R. Then, there is a homonorphism
m:R— R/I

given by m(a) = a+ I (called the natural homomorphism).
Proof. Let a,b € R. Then,

e t(a+b)=(a+b)+I=(a+1I)+(b+1I)=mn(a)+ n(b)

o m(ab) =ab+I=(a+I)(b+1I)=m(a)n(b)
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Theorem 9.6 (Properties of homomorphism). Let f: R — S be a ring homo-
morphism

1. f(Or) =0g
2. for any positive integer n and r € R,
flnr) =nf(r) and f(r") = f(r)"
8. If I is an ideal of R, and if f is onto, then
f) ={f(9) g€}
is an ideal of S
4. If 1 € R, and [ onto, f(1r) = 1.
Proof. (1) Since Or = Og + Og, we have
f(Or) = f(Or +0r) = f(Or) + f(OR)
Since —f(0gr) € S, when we add this to both sides, we get

f(Or) + (=f(0r)) = f(Or) + (f(Or) + (= f(0R)))
0s = f(Or) +0s = f(Or)

(2) Let’s fix some integer n > 0. Then,

fr) = flrt - 4r) =)+ + f(r) =nf(r)

Likewise,

(3)
e (nonempty) Since Og € I and Og = f(0gr) € f(I), this set is nonempty

e (closed under subtraction) Take a,b € f(I). So there exists g,h € I such
that a = f(g) and b = f(h). Then,

a—b=f(g)—f(h) = flg—h)
But g—hel, soa—be f(I).

e (closed under absorption property) Let s € S and a € f(I. So there exists
g € I such that a = f(g). Since f is onto, there exists an r € R such that
f(r)=s. Then, rg € I. So f(rg) € f(I) but

f(rg) = f(r)f(g) = sa
So sa € f(I).

69



e Now, our goal is to show that sf(1g) = s for all s € S. Since multiplicative
idensity is unique, f(1g) = 1s. So let’s take s € S. Since f is onto, there
exists r € R such that f(r) = s. Then,

sf(Ig) = f(r)f(1gr) = f(rlg) = f(r) = s
So f(1g) = 1s.
O

Definition 9.5. If f : R — S is a ring homomorphism, then Kernel of f is

Ker(f) ={re R | f(r) = 0s}
Theorem 9.7. Ker(f) is an ideal of R.
Proof.
e (nonempty) Since f(0z) = 0s, O € Ker(f).
e (subtraction) Let a,b € Ker(f). Then,
fla=0b) = f(a) — f(b) =05 — 05 = 0g
So a — b € Ker(f).

e (absorption) Let a € Ker(f) and r € R. Then,

f(ra) = f(r)f(a) = f(r)0s = Os
So ra € Ker(f).
O

Theorem 9.8. Let I be any ideal of R and let 7 : R — R/I be the natural
homomorphism. Then, Ker(f) = I.

Proof. Let a € I. Then,
ma)=a+I1=0+1

since a € I. So a € Ker(r).
Let b € Ker(r). So
7b)=b+1=0+1

Sob—0=bel. SoKer(m)CI. O

Remark. Any ideal I can be the Kernel of some ring homomorphism.
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9.4 First Isomorphism Theorem for rings

Lemma 9.1. Let f: R — S be a ring homomorphism. Then,

f(R) ={f(r)lre R} C S
is a subring of S.
Proof.

e (nonempty) O € R and so 0g = f(0g) € f(R).

e (subtraction) Let a,b € f(R). So there exist r,s € R such that a = f(r)

and b = f(s). Then,

a—b=f(r)—f(s)=f(r—s)

since f is a homomorphism. But r —s € Rso a — b € f(R).

e (multiplication) Let a,b € f(R). Then, a = f(r) and b = f(s) for some

r,s € R. So

ab= f(r)f(s) = f(rs)
and rs € R. So ab € f(R).

O

Lemma 9.2. Let f: R — S be a ring homomorphism. Then, f is one-to-one

if and only if
Ker(f) = {Or}

Proof. (=) Let b € Ker(f). Then,

f(b) =0s = f(Or)

Since f is one-to-one, this forces b = 0. So Ker(f) = {Or}.

(<) Suppose f(a) = f(b). Then,
fla) = f@b) =0.
Since f is a homomorphism,
fla=0b) = f(a) = f(b) = Os.
So a— b€ Ker(f) = 0g. Thus, a — b =0 so a = b.

O

Theorem 9.9 (First isomorphism theorem for rings). Let f : R — S be a ring

homomorphism. Then,

R/Ker(f) ~ f(R).
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Proof. The proof is similar to the group proof but we need to check that they
are isomorphic as rings. So we want to find an isomorphism

¢: R/Ker(f) = f(R).
We claim that the desired function is ¢(r + Ker(f)) = f(r). First, we want
to show the wel-definedness. We need to check that

o(r + Ker(f)) = o(s + Ker(£))
implies f(r) = f(s). So suppose that

r+ Ker(f) = s + Ker(f)
Since

r + Ker(f) = s + Ker(f),
this means that r — s € Ker(f). So

flr—s)=0g
But

f(r) = f(s) = 0s,
so f(r) = f(s)-

Now, we want to show surjectivity. Let a € f(R. So a = f(r) for some
r € R. But then
r + Ker(f) € R/Ker(f)

and
¢(r+Ker(f)) = f(r) = a
To show that it is injective, suppose b + Ker(f) € Ker(¢). This means
¢(v + Ker(f)) = f(b) = 0s.
So b € Ker(f). Thus,
b+ Ker(f) =0+ Ker(f)
So
Ker(¢) = {a + Ker(f)}
Then, the lemma implies that ¢ is one-to-one.
Finally, notice that

¢(a +Ker(f)) + ¢(b + Ker(f)) = f(a) + f(b)
= fla+b)
= ¢((a +b) + Ker(f))
¢(a + Ker(f))o(b + Ker(f)) = f(a)f(b)
= f(ab)
= ¢(ab + Ker(f))
So ¢ is a homomorphism. Therefore, ¢ is an isomorphism. O
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Example 9.4.1. Suppose f : F' — S is a nontrivial ring homomorphis, (i.e.,
¢(x) # 0 for some xz € F) and F is a field. Show that S has a subring isomorphic
to F.

Proof. (Homework) The only ideal of a field F are {G} and (1) = F.
By first isomorphism theorem,

F/Ker(f) ~ f(F) C S.

Since Ker(f) is an ideal, Ker(f) = (1) or Ker(f) = (0). But Ker(f) # (1) since
there is an element not sent to 0. So Ker(f) = (0). But then,

Ker(F) ~ F/{0) ~ F.

Example 9.4.2. Consider
QWV2)={a+bvV2|a,bcQ}CR

and
Q[z] = {all polynomials with coefficient in Q}

={ap + a1z + azx® + -+ a,2™ | n € Nya,, € Q}
Then, the following homomorphism is called evaluation homomorphism:
¢:Qlz] » Q(V2)
where 6(f(2)) = f(V2) for f(z) € Qlz].
Example 9.4.3. Consider f(r) = 1+ + 2. Then,
fl@) = f(V2) =1+ V2 + (V2)?
=1+v2+2
=3+2

By the first isomorphism theorem,
Qla]/Ker(¢) = Q(v2)

where
Ker(¢) = {f € Q[z] | f(v2) =0}.
Note that 2% — 2 € Ker(¢). Then, one can prove that

Ker(¢) = (2 — 2).

So



9.5 Prime and maximal ideals

Definition 9.6. An ideal M in a ring R is maximal if for every ideal J such
that M C J C R, we have J = M or J = R.

Example 9.5.1. Let R = Z and fix a prime p. Let (p) = {np|n € Z} be the
ideal generated by p. Then, (p) is a maximal ideal.

Proof. Suppose J is an ideal such that
(pyCJCZ

If J = (p), we are done. So suppose J # (p). Thus, there exists m € J \ (p).
Since m ¢ (p), we have p fm. So ged(p,m) = 1. So

1 = pa + mb.
Since (p) C J, pa € J. Since m € J, mb € J, so
1=pa+mbeJ

Then,
RCJCR = R=J.

Note 1 € J implies that 7-1 € J for all 7 € Rso r € J for all r € R. O

Theorem 9.10. Let R be a commutative ring with 1 with ideal M. Then, M
is mazimal if and only if R/M is a field.

Proof. (=) Since M is maximal, R/M # (0). Let
a+ M e R/M
such that a + M # 04+ M. So a # M. Consider the set
J={m+arlme M,r € R}.

This set is an ideal of R. Since M C J but M # J, and since M is maixmal,
J=R. So 1€ J. Thus, there exists m € M and r € R such that

1=m+ar.
So ar —1=(—m) € M. Thus,
ar+M =14+ M.

Then,
1+M)=(ar+M)=(a+ M)(r+M).

So (a+ M) is a unit. Thus, R/M is a field.
(<) Given R/M a field, we want to show that M is maximal. Suppose
M C J and J # M. Since J # M, there exists a € J such that a € M. But

74



this means a + M # 0+ M in R/M. Since R/M is a field, there exists (r + m)
such that
(a+M)(r+M)=1+M

Soar+M =1+ M,ie,ar—1¢€ M. Thus, ar —1 € M C J and since a € J,
ar € J. Thus,
ar—(ar—1)=1€ J.

So J = R. O
Example 9.5.2. For all primes p € Z, Z/(p) ~ Z,, is a field.

Definition 9.7. An ideal P of a ring R is prime if P C R but P # R and
whenever ab € P, either a € P orb e P.

Example 9.5.3. In Z, every ideal generated by a prime p is a prime ideal.

Proof. Suppose ab = (p). So ol = ab for some . Then, p|ab. Then, either p|a
or plb. If pla, a = pk, so a € (p). If p|b, b = pk, so b € (p). O

Theorem 9.11. Let R be a commutative ring with identity and an ideal P C R
but P # R. Then, P is a prime ideal if and only if R/ P is an integral domain.

Proof. (=) Suppose (a + P)(b+ P) = (0+ P) in R/P. Soab+ P =0+ P.
Thus, ab € P. Since P is prime, a € Porbe P. Ifa€ P,a+ P =0+ P and
ifbe P,b+P=0+P.

(<) Let abe P. So ab+ P =0+ P. Thus,

0+P=(a+P)b+P).

Since R/P is a domain, either a+ P =0+ P or b+ P =0+ P. Thus, a € P or
beP. O

Corollary 9.1. Every mazimal ideal is a prime ideal in a commutative ring
with identity.

Proof.
M maximal <= R/M a field

= R/M a domain <= M prime

Example 9.5.4. Let I, J be ideals. Which of the following are ideals?
1. InJ
2. TUJ
First one is an ideal.

e (nonempty) Consider 0 € T and 0 € J,s0 0 € INJ.
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e (subtraction) Let a,b€ INJ. So
abel = a—-bel.
Likewise, a —be J. So A—belINlJ.

e (absorption) Similar to above.

Second one is not an ideal. Consider R = Z and I = (2) with J = (3). Then,
TUJ={0,2,3,...}

is not closed under subtraction because 3 —2=1¢ I.

10 Polynomial rings

10.1 Polynomial rings
Example 10.1.1. 2+ 7z + /322 + log 723

Definition 10.1. Let R be a commutative ring. The set of all polynomials with
coefficients in R is called the polynomail ring. We write

Rlz] = {ao + a1z + - - + an,a"™ | n € N,a; € R}

We sometimes call R[z] the polynomial ring over R with indeterminate x.

Remark. ag + a1z + -+ -anz™ = by + byz + -+ - bx™ if and only if n = m and
a; = b; or all i.

Definition 10.2 (Addition).

(ag + a1z + -+ apx™) + (bo + brx + - - - + bpz™)
= (ap +bo) + (a1 +b1)x + - -+ (an + by)a"

Definition 10.3 (Multiplication).
(ap+ a1z + -+ anx™)(bp + bz + -+ - + bypx™)
= (apbo) + (arbo + agby)z + (asby + a1by + agh)z® + - - - 4 (an + by )™ ™
where the coefficient of x* in multiplication is
aibo + a;—1by + - + arbi_1 + agb;
where a; =0 if j >n and b; =0 if j > m.

Definition 10.4. If f(z) = ag + a1z + - - - apa™, with a,, # 0, then degree of
f(zx) is
degf(z) =n

and ay, is called leading coefficient. If a, = 1, we say f(x) is monic.
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Example 10.1.2. Consider

f(z) = 2z + 172 4 8222017,
Then, the degree and leading coefficient of this polynomial is 2017 and 82.
Remark. 0 € R[z] but by convention, deg0 is not defined.
Theorem 10.1. If R is a commutative ring with identity, so is R[z].
Theorem 10.2. If R is an integral domain, then so is R[x].

Proof. We will show that deg(f(z)g(z)) = deg f(z)+deg g(z) for any f(x), g(x) €
R[z]. Let
=apz" + -+ ag
9(x) =bpa™ + -+ bo
where a,, b, # 0. So
f(@)g(x) + (anbm)z™ ™ + lower order terms.

Since a,, # 0 and b,, # 0 and since R is a domain, a,b,, # 0. So deg f(x)g(x) =
n+m = deg f(x) + deg g(z). So this menas that the product of two nonzero
terms in R[x] is non-zero. Therefore,

Rlx]
must be a domain. O
Example 10.1.3. Consider R = Z,4. Let

f(x) =22 +2 € Zy[x], and g(z) = 2
Then,
F@)g(a) = 2(22% +2) = 0
so deg f(z)g(z) # deg f(x) + deg g(x)
So we can extend the construction to any number of variables:
Rlz][y] = {fo + fry + foy" + - fsy° | fi € R[x]}.
Likewise, we can define
Rlz,y)[z] = {90 + 12+ --- g:2" | gi € Rlz,y]}.

In general, we have R[z1,...,x,], a set of all polynomials in zy,...,x, with
coefficients in R.

Theorem 10.3 (Evaluation homomorphism). Let R be a commutative ring with
identity and o € R. Then, the function ¢ : R[x] = R given by f(z) — f(a) is
a ring homomorphism called the evaluation homomorphism.

Example 10.1.4. If a = 0, then
oo : R[z] = R

is given by
ap+a1x+ -+ az™ — ag.

So ¢g takes polynomials to its constant term
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10.2 Division algorithm for polynomials
The ring Z and F[z] with F', a field, have similar properties.
Theorem 10.4. Let F be a field, and f(z), g(z) € Fx] with g(x) # 0p. Then,

there exists unique polynomials q(z) and r(x) such that

with r(z) = 0p or degr(z) < degg(x).
Example 10.2.1.

3
dat +30° +20° + o = (22 + 1) (W + zx) + (‘w)

10.3 Division algorithm

Theorem 10.5. Let F' be a field, and suppose f(z), g(x) € Fz] with g(x) # Op.
Then, there exists unique q(x),r(x) € Flx| such that

f(@) = g(x)q(x) + r(z)
with r(z) = 0 or degr(z) < degg(x).

Proof of this theorem depends on strong induction: We assume that for each
n, a statement P(n) is given. If

e P(0) is true
o If P(0), P(1),...,P(n—1) imply P(n) true,
then P(n) is true for all n > 0.

Proof. First, we want to show that ¢(x) and r(z) exists. We can think of two

cases.
(Case 1 — deg f(z) < degg(z)) Since deg f(z) < deg g(x),

f@)=0-g(x) + f(z)
with deg f(z) < degg(x). So ¢(x) =0 and r(z) = f(x).
(Case 2 — deg f(x) > deg g(x)) First, consider the case when 0 = deg f(z) >
degg(z) > 0. Then, f(z) =a and g(x) = b with a,b € F. So
a= ()b ta)+0

where b~la € F since F is a field. So ¢(z) = b~! and r(z) = 0.
Now, assume for all f(x),g(x) with n > deg f(z) > degg(z), there exists
q(x),r(x) with
f(x) = g(x)q(z) + r(z)
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with degr(z) < degg(z) or r(z) = 0. Now, we want to show that statement is
true if deg f(x) = n. So we have

f(@) = apna" + an_12" '+ + ag
g(x) = bpa™ + -+ + by

with n > m.
Since b,, # 0 and b,, € F, so is b} € F. Consider the polyonmial h(z):

h(x) = f(2) — anby, """ g(x)

Note that
L (2) = 4 ™ -+ o)

= a,z" + (lower order terms)

anb,,

Since f(x) and a,b,'2""™g(x) have the same leading terms, it is cancelled in
h(z). So
deg h(z) < deg f(x) =

Now, we apply induction hypothesis to h(x) and g(z). So there exists ¢;(z) and

r1(z) such that
h(z) = g(z)q1(z) + 71(2)
with 71 (z) = 0 or degr(z) < degg(x). But then,
f(z) = h(x) + axb, 2" ™g(z)
= [9(@)q1(x) + r1(z)] +anb;1x"_m9($)
g9(@) (@1 () + anby, 2" ™™) + 11 ()
= g(z)q(z) + r(z)

with 7(z) = 0 or degr(z) < degg(x). So we can always find ¢(x) and r(x).
Now, we want to show uniqueness. Suppose

f(z) = g(x)q1(z) +7r1(2)
= g(z)q2(2) + ra(z)

with 71 (z) = 0 or degri(z) < degg(z) and ro(z) = 0 or degra(z) < degg(x).

Thus,
9(@)q1(x) + i) = g(2)q2 () + r2(z)

So

9(x)(q1(2) — ga(2)) = ra(2) — 11 (2).
If ¢1(z) — g2(x) # 0. then LHS has degree greater than degg(x). But RHS
has degree less than or equal tomax{degry(z),degri(x)}, which is less than
degg(x). This is a contradiction, so ¢1(x) = g2(x), which implies r1(z) =
ro(x). O

Theorem 10.6. Let F be a field, and f(x) = F[z]. Then, f(a) =0 if and only
if f(z) = (x—a)g(z).
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Before we prove the theorem, we want to prove the following lemma first:

Lemma 10.1. Let F be a field, f(x) € Flz]. THen, for alla € F,

f(@) = (x —a)g(x) + f(a)
Proof. By division algorith,,

f(@) = (z —a)g(z) +r(z)
with 7(z) = 0 or degr(z) < deg(x —a) =1. If r(z) =0, f(z) = (v — a)g(x), so
f(a) =0. So

f(@) = (z —a)g(x) + f(a)
IF degr(x) < 1, then r(z) =c € F. So

fx)=(z—a)g(z)+c

but then f(a) = (a —a)g(a) + ¢ =c So

f(@) = (x —a)g(x) + f(a)

O
So here is the proof for the theorem:
Proof. (=) By the lemma,
f(@) = (z - 1)g(z) + f(a).
If f(a) = a then f(z) = (z — a)g(x).
(<) If f(z) = (z — a)g(z) then f(a) = 0. O

10.4 Irreducible Polynomials

Definition 10.5. Let F be a field and f(z) € Flz|, a non-constan polyno-
mail. If f(x) cannot be expressed as the product of two polynomials, g(x) and
h(x), with smaller degree, i.e., f(x) = g(x)h(z) with 0 < degg(x),degh(z) <
deg f(z), then f(x) is irreducible. Otherwise, f(z) is reducible.

Example 10.4.1. Every polynomial of degree 1 is irreducible, i.e., f(z) =
ax + b.

Example 10.4.2. z?+1 is irreducible in R[z] but is reducible in C[z] (22 +1 =
(x —i)(x +1)).

Lemma 10.2. Let f(x) € Flx] with deg f(x) > 2. If there an a € F such that
f(a) =0, then f is reducible.
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Proof. Recall that

f(x) = (z = a)q(x) + f(a).
If f(a) =0, then f(z) = (x — a)g(x). Since deg f(x) > 2, deg(z — a)q(x) =
deg(xz — a) + degq(z) > 2. So degq(z) > 1, so f(z) is reducible. O
Corollary 10.1. If f(x) is irreducible, then f(a) # 0 for all a € F.

Note that the converse is not necessarily true. Even if f(a) # 0 for alla € F,
this does not mean that f(z) that f(x) is irreducible.

Example 10.4.3. z* +22% + 1 = (2% + 1)(2? 4 1) is reducible bus no root in
R.

Theorem 10.7. Suppose deg f(x) = 2 or 3. Then, f(x) is irreducible if and
only if f(x) has no root in F.

Proof. Proving the if statement follows directly from the previous corollary.
Now, suppose f(z) was reducible. T hen, f(z) = g(x)h(z) with 1 < deg g(z),degh(z) <
deg f(z) and deg g(z) + deg h(x) = f(x). Since deg f(x) is either 2 or , at least
one of the polynomials must have degree 1.
Without loss of generality, we can assume that degg(x) = 1, i.e. g(z) =
cx + d. But then,
f(@) = (cx + d)h(x)

— f(—c ') =0

So f(z) has a root, contradicting our assumption. Therefore, f(z) must a
reducible. O

Example 10.4.4. Show that 23 + x + 1 is irreducible in Z3z[x.]

Proof. Since deg < 3, we can simply plug in all elements on Z5 and show that

there are no roots: )
0°+04+1=1#0

PB+14+41=3#0
2 4+241=1#0
P 4+34+1=1#0
P 444+1=1+#0

10.5 Factor in Q[x]

If f(z) € Q[z], then there exists ¢, a least common multiple of all the coefficients
in f(x) such that cf(x) € Z[z]. So we can consider factoring in Q[x] equivalent
to factoring in Zx].

Theorem 10.8. Let f(x) = anz™ + -+ x9 € Zlz]. If r # 0, and if r/x is a
root of f(x), then r|ag and s|a,.
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Proof. We are given

r\" ryn—1 r
Qn <7) +an—1 (7) +eetan (*)Jrao:&
S S S

So multiply both sides by s™:
™ + 1" s b agrs” T s =0
<—s (an,lr"_l + -+ aos"_l) = —a,r"
So s| — a,r™ but ged(r,s) = 1. So s|a,. Note that the above equation also

implies that
P(anr™ - ays"T) = —aps™

So r|ag for similar reasons. O
Example 10.5.1. Find a root of
f(z) =22 + 72% + 522 + T2 + 3
in Q.
By the above result, |3 and s|2 if /s is a root. So

r|l3 = r=+lor £3
r2 = r=+lor +£2

So the posible values of r/s are

(rs) [ 1 -1 2 -2
1 -1 12 -1)2
-1 1 -1/20 12
3 13 -3 3/2 -3/2
-3 |-3 3 -3/2 3)/2

So we just have to check 1,—1,3,—-3,1/2,—1/2,3/2,—3/2. We can also elimi-
nate all positive rationals because f(z) will be positive when x > 0. Then, we
find that

—_

f(=1/2) =0 and f(-3) =0.
Theorem 10.9 (Eisenstein’s criterion). Let
f@)=ana™ +---ag € Zx]

If there exists a prime p such that plag,plai,...,plan_1,p fa, and p* Jag, then
f(x) is irreducible.

Example 10.5.2. Consider
f(z) =2 + 621 — 152 + 322 — 0z + 12
Using p = 3, we can conclude that f(z) is irreducible over Q[z].

Example 10.5.3. There are irreducible polynomials of every degree over Q|z].
For example, we can take f(z) = z™ + p with p prime.
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10.6 Similarities between Fz] and Z

Definition 10.6. A plynomail d(f) € Fx] is monic if its leading coefficient is
1.

A monic polynomail d(z) is the greatest common divisors of two polyno-
mials p(z) and ¢(x) if d(z)|p(x) and d(z)|g(x), and if d'(x) is any other monic
polynomial such that d'(z)|p(x) and d'(z)|q(z), then d’(z)|d(z). Like Z, we can
use the division algorithm to find ged(p(z), ¢(x)).

Example 10.6.1. Consider

f(z) = 22" + 52® — bz — 2
g(x) = 22% — 327 — 2z

Then,

(22* + 523 — b — 2) = (22 — 32% — 22)(x + 4) + (142° 4 32 — 2)

] 1 12 48 24
3_ 9.2 _ _ 2 _ 1. 1s _x a4
(22° — 32° — 2x) = (142" + 32 — 2) (250 49> +< 19" 49)
48 24 343 49
142> N =(——z—=)-= -
(142° 4 3z — 2) ( 19° 49)( 24$+12>+0

Then, we can rescale last nonzero remainder to make it monic to find that

ged(f,0) =2+ 5
Definition 10.7. An ideal I C R is principal if there exists e € R such that
I = {re|r € R} = (e).
Theorem 10.10. FEvery ideal of Z is principal.

Proof. It I = {0}, then I = (0). Suppose a € I with a # 0. So either a or —a
is positive and is in I. So I has a smallest positive element, say c.

We claim that I = (c¢). Since ¢ € I, (¢) C I. Let a € I, By division
algorithm, a = c¢q +r with 0 <r < ¢. If r # 0, then r = a — ¢q. But then,

a,cel = rel.

This contradicts the fact that ¢ is the smallest element in I. So r = 0. So
a = cq € (¢). Thus, every ideal is principal. O

Theorem 10.11. Every ideal of F|x] is principal.

Proof. If I = {0}, then I = (0). So suppose 0 # p(z) € I. If degp(x) = 0, then
p(x)=keF. But thenl el and (1) =1=R.

Suppose degp(x) > 0. Let ¢(z) be the polynomial of smallest degree in I.
Let ¢(x) be the polynomail of smallest degree in I. Then, I claim that I = (¢(x)).
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Since c(z) € I, {c(z)) € I. Let a(z) € I. By division algorithem,
a(z) = c(z)q(z) + r(z)
with r(z) = 0 or degr(z) < degc(z). If r(z) # 0, then
r(z) = a(z) — c(x)q(z) € L.

But this contradicts the fact that c(x) has smallest degree in I. So r(z) = 0.
Then, a(x) = c¢(z)q(z) € {c(x)). So every ideal of F|[x] is principal. O

Definition 10.8. Let R be a commutative ring with identity. An integral do-
main R is a principal ideal domin (PID) if every ideal is principal.

Example 10.6.2. Z and F[z] are PIDs.
Note that not every integral domain is a PID.
Example 10.6.3. Consider the following domain:
R = Z]x].
Then,
I'=(6,z) ={6f+xzg|f,g € R}

is not principal. Supppose
I=(6,z)={c).

So
6€(cy = 6=cl.

and
xE€(c) = x=ct

Since deg 6 = 0, this implies that
degc =0,

soc€Z. So
r=ct = degt=1.

So t = ax +b. Thus, x = cax + ¢b But ¢b = 0, and
c#0 = b=0.

Soa=c!. Socisaunitin Z. Soc=1,—1. But then

but 1 ¢ (6,x).

Definition 10.9. A domain D is a Fuclidean domain if there is a function
v:D — N such that
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e Ifa,b are non-zero elements, v(a) < v(a,b).
e [fa,be D and b # q, then there exists q and r such that
a=0bqg+r
with r =0 orv(r) <wv(b). Here, v is called a valuation.
Example 10.6.4. Z is a Euclidean domain. v : Z — N defined by v(a) = |al.

Example 10.6.5. F[z] is a Euclidean domain. v : Flz] — N is given by
v(f(x)) = deg f(z).
Theorem 10.12. Every Fuclidean domain is a PID.
Proof. Let v : D — N be the valuation. If I = {0}, then I = (0).
If I # {0}, let ¢ € I with v(c) smallest. I claim that I = (c). Since ¢ € I,

(¢) € I. Let a € I. Since D is a Euclidean domain, ther exists ¢ and r such
that

a=cq+r
with 7 = 0 or v(r) < v(c). If r # 0, then r(z) = a(z) — c(x)q(x) € I with
v(r) < v(c). But this contradicts choice of ¢. So r = 0. O
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