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1 Introduction to topology

1.1 What is topology?
Definition 1.1 (Topology). Let X be a set. A topology on X is a collection T
of subsets of X satisfying:

e JeET.

e X e

e The union of any collections of elements in T is also in T.

e The intersection of any finite collection of elements in T is also in T.
Definition 1.2. (X, 7) is a topological space.
Definition 1.3. The elements of T are called the open sets.
Example 1.1. Consider X = {a,b,c}. Is 4 = {@, X, {a}} a topology?

Proof. Yes, t1 is a topology. Clearly, @ € t; and X € 71 so it suffices to verify
the arbitrary unions and finite intersection axioms.
Let {V,}aca be a subcollection of t;. Then, we want to show

U Vo € 11.
a€cA

If V,, = @ for any a € A, then this does not contribute to the union. Hence, ¢

can be omittied:
Uve= U Ve

a€cA acA
Vo #2

If V, = X for some o € A, then
UVe=Xemn
acA

and we are done. So we may assume V,, # X for all @ € A. Similarly, if V, =V
for a # 3, then we can omit V3 from the union. Since T; only contains &, X
and {a}, we must have

U Vo ={a} € 11.

acA
Similarly, if any element of {V,,}4ca is empty, then
n Va =g e 1.
acA

We can therefore assume V,, # @ for all @« € A. Again, repetition can be ignored
and any V,, that eqauls X can be ignored. Then,

_ {G}ETl
mva_{XGTl

a€cA



Example 1.2. Consider X = {a,b,c}. Is 1o = {&, X, {a}, {b}} a topology?
Proof. No. Note that {a} € T2 and {b} € T2 but {a} U {b} = {a,b} ¢ 1. O
Example 1.3. Consider X = {a,b,c}. Then, 13 = {&, X, {a}, {b}, {a,b}} is a
topology.

1.2 Set theory

Definition 1.4. If X is a set and a is an element, we write a € X.
Definition 1.5. If Y is a subset of X, we write Y C X orY C X.

Example 1.4. Suppose X is a set. Then, power set of X is the set P(X) whose
elements are all subsets of X. In other words,

YePX) < YCX

Note that P(X) is closed under arbitrary unions and intersections. Hence, P(X)
is a topology on X.

Definition 1.6. P(X) is the discrete topology on X.
Definition 1.7. The indiscrete (trivial) topology on X is {&, X}.
Definition 1.8. Suppose U,V are sets. Then, their union is
UuV={zlx €U orzecV}.
Note that if Uy, Us,...,U;0 are sets, their union can be written as follows:
e U1 UU;U---UUqg
10
[ ) U Uk:
k=1

[ ) U Uk
k={1,2,...,10}

Definition 1.9. Let A be any set. Suppose Va € A, I have a set U,. The union
of the Uy, over a € A is

U Ua = {230 € A,z € U,}.
acA
Similarly, the intersection is

() Ua={zPa € A,z e Uy}

acA



2 Functions

Definition 2.1. A function is a rule that assigns to element of a given set A,
an element in another set B.

Often, we use a formula to describe a function.
Example 2.1. f(z) = sin(5z)
Example 2.2. g(z)=> "7 2

n=0 n!

n

Definition 2.2. A rule of assignment is a subset R of the Cartesian product
C' x D of two sets with the property that each element of C' appears as the first
coordinate of at most one ordered pair belonging to R. In other words, a subset
R of C x D is a rule of assignment if it satisfies

If (¢,d) € R and (c,d") € R,d =d'.

Definition 2.3. Given a rule of assignment R, we define the doamin of R to
be the subset of C' consisting of all first coordinates of elements of R:

domain(R) = {c¢ | 3d € D s.t. (¢,d) € R}

Definition 2.4. The image set of R is defined to be the subset of D consisting
of all second coordinates.

image(R) = {d | 3c € Cs.t.(¢,d) € R}

Definition 2.5. A function is a rule of assignment R, together with a set that
contains the image set of R. The domain of the rule of assignment is also called
the domain of f, and the image of f is defined to be the image set of the rule
of assignment.

Definition 2.6. The set B is often called the range of f. This is also referred
to as the codomain.

If A = domain(f), then we write
f:A—B
to indicate that f is a function with domain A and codomain B.

Definition 2.7. Given a € A, we write f(a) € B for the unique element in B
associated to a by the rule of assignment.

Definition 2.8. If S C A is a subset of A, let
f(9){f(a) | a€ S} CB.

Definition 2.9. Given Ay C A, we can restrict the domain of f to Ag. The
restriction is denoted

fldo ={(a, f(a)) | a € Ag} C A x B.



Definition 2.10. If f: A— B and g: B — C then go f : A — C is defined to
be
{(a,c) | Fb€ B s.t. f(a)=band g(b) =c} CAxC.

Definition 2.11. A function f : A — B is called injective (or one-to-one) if
f(a) = f(a') implies a = a’ for all a,a’ € A.

Definition 2.12. A function f : A — B is called surjective (or onto) if the
image of f equals B, i.e. f(A) = B., i.e. if, for every b € B, there exists a € A
with f(a) = 0.

Definition 2.13. f: A — B is a bijection if it is one-to-one and onto.

Definition 2.14. If By C B is a subset and f : A — B is a function, then the
preimage of By under f is the subset of A given by

f7H(Bo) ={a€ Al f(a) € By}

Example 2.3. If By is disjoint from f(A) then f~1(By) = 2.



3 Relation

Definition 3.1. A relation on a set A is a subset R of A x A.

Given a relation R on A, we will write xRy ”x is related to y” to mean
(z,y) € R.

Definition 3.2. An equivalence relation on a set is a relation with the following
properties:

e Reflexivity. xRx holds Vo € A.
o Symmetric. if xRy then yRx holds Va,y € A.
e Transitive. if xRy and yRz then xRz holds Vx,y,z € A.

Definition 3.3. Given a € A, let E(a) = {z |x ~ a} denote the equivalence
class of a.

Remark. E(a) C A and it is nonempty because a € E(a).
Proposition 3.1. If E(a) N E(b) # & then E(a) = E(b).

Proof. TAssume the hypothesis, i.e., suppose z € E(a) N E(b). So & ~ a and
x ~ b. By symmetry, a ~ x and by transitivity a ~ b.

Now suppose that y € E(a). Then y ~ a but we just saw that a ~ b
soy ~ band y € E(b). Hence, E(a) C E(b). Likewise, we can show that
E(b) C E(a). O

Definition 3.4. A partition of a set is a collection of pairwise disjoint subsets
of A whose union is all of A.

Example 3.1. Consider A = {1,2,3,4,5}. Then, {1,2} and {3,4,5} is a
partition of A.

Proposition 3.2. An equivalence relation in a set determines a partition of
A, namely the one with equivalence classes as subsets. Conversely, a partitz’mﬂ
{Qala € J} of a set A determines an equivalence relation on A by: x ~ y if
and only if da € J s.t. x,y € Q. The equivalence classes of this equivalence
relation are precisely the subsets Q.

1 Note that J is an index set: Qo C A for each o € J and Qu N Qp = 2 if a # B.
Furthermore, Uyecy = A.



4 Finite and infinite sets
Definition 4.1. A nonempty set A is finite if there is a bijection from A to
{1,2,...,n} for somen € Z".

Remark. Consider n,m € Z* with n # m. Then, there is no bijection from
{1,2,...,n} to {1,2,...,m}.
Definition 4.2. Cardinality of a finite set A is defined as follows:

1. card(A) =0 4if A=go.

2. card(A) = n if there is a bijection form A to {1,2,...,n}.

Note that ZT is not finite. How would you prove this? A sneaky approach
is that there is a bijection from Z% to a proper subset of ZT.

Consider the shift map:
S:7Zt 7"

where S(k) = k+ 1. So S is a bijection from Z* to {2,3,...} C Z*, a proper
subset of Z*. On the other hand, any proper sbset B of a finite set A with
card(A) = n has card(B) < n. In particular, there is no bijection from A to B.
Therefore, Z™T is not finite.

Theorem 4.1. A non-empty set is finite if and only if one of the following
holds:

1. 3 bijection f: A — {1,2,...,n} for somen € Z*.
2. Jingection f: A — {1,2,...,N} for some N € Z*
3. 3 surjection g : {1,...,N} — A for some N € Z*

Remark. Finite unions of finite sets are finite. Finite products of finite sets are
also finite.

Recall that if X is a set, then
X" =maep+ X = {(x) | 2, € XVn € ZT}

the set of infinite sequences in X.
If X = {a} is a singleton, then X™ is also a singleton. Otherwise, if
card(X) > 1, then X™ is an infinite set.

Example 4.1. Consider X = {0,1}. Then, X" is a set of binary sequences.

Definition 4.3. If there exists a bijection from a set X to Z%, then X is said
to be countably infinite.

Definition 4.4. Let A be a nonempty collection of sets. An indexing family is
a set J together with a surjection f :J — A. We use A, to denote f(a) C A.
So

A={A, | a e J}



Most of the time, we will be able to use Zt for the index set J.

Definition 4.5 (Cartesian product). Let A = {A; | i € Z*}. Finite cartesian
product is defined as

Al X e XAn = {(-T17~-~7xn) | Z; GAz}
It is a vector space of n tuples of real numbers.

Definition 4.6 (Infinite Cartesian product). Infinite Cartesian product R¥ is
an w-tuple x : ZT — R, i.e., a sequence

Tr = (.’1%)?21 = <$1,$2,...,$n,...>
= (zi)iez+
More generally, if A={A; | i € ZT}. Then,
IT 4 = {(ai)icz+ | ai € A},
€Lt
Definition 4.7. A set A is countable if A is finite or it is countably infinite.

Theorem 4.2 (Criterion for countability). Suppose A is a non-empty set.
Then, the following are equivalent.

1. A is countable
2. There is an injection f : A — ZT
3. THere is a surjection g : ZT — A
Theorem 4.3. If C C Z" is a subset, then C is countable.

Proof. Either C' is finite or infinite. If C is finite, it follows C is countable.
Assume that C is finite. We will define a bijection h : ZT — C by induction.
Let h(1) be the smallest element in Cﬂ Suppose

h(1),...,h(n—=1) e C

and are defined. Let h(n) be the smallest element in C \ {h(1),...h(n —1)}.
(Note that this set is nonempty.)

We want to show that h is inejctive. Let n,m € Z where n # m. Suppose
n <m. So h(n) € {h(1),...,h(n)} and

h(n) € C\{h(1),h(2),...,h(m —1)}.
So h(n) # h(m).

We want to show that h is surjective. Suppose ¢ € C'. We will show that ¢ =
h(n) for some n € Z*. First, notice that h(Z") is not contained in {1,2,...,c}

2 C # @ and every nonempty subset of Z1 has a smallest elemnt



because h(Z™") is an infinite set. Therefore, there must exists n € Z* such that
h(n) > c. So let m be the smallest element with h(m) > ¢. Then for all i < m,

h(i) < c¢. Then,
c¢ {h(1),...,h(m—1)}.

By definition, h(m) is the smallest element in

C\{h(1),...,h(m —1)}.
Then, h(m) < c. Therefore, h(m) = c. O

Corollary 4.1. Any subset of a countable set is countable.

Proof. Suppose A C B with B countable. Then, there exists an injection f :
B — Z*. The restriction
f‘A A — VAl

is also injective. Therefore, A is countable by the criterion. O
Theorem 4.4. Any countable union of countable is countable. In other words,
if J is countable and A, is countable for all o € J, then Uycy is countable.
Theorem 4.5. A finite product of countable sets is countable.
Example 4.2. ZT x Z% is countable.

Note that a countable product of countable sets is not countable.

Example 4.3. Consider X = {0,1}. Then, X“ binary sequence is not count-
able.

Proof. Suppose g : ZT — X% is a function. We will show ¢ is not surjective by
contructing an element y # g(n) for any n € Z*.
Write g(n) = (zp1, Tna,...) € X for each z,; € {0,1}. Define
Yy = (ylay27"')
where y; = 1 — ;. Clearly, y € X“ but y # g(n) for any n since y, = 1 — @y, #
Zpn, the n-th entry in g(n). O

Example 4.4. Let X be a set and {V,, }aer a collection of subsets of X. Show

Ux-vo=x-Va

acl acl
Proof.

re|JX-Vy = JaclzeX -V,
acl
Jael,ze X,z ¢V,
zeX dael,x ¢V,
reX,x ¢ U Vo
acl

reX— (] Va

ainl

[

10



5 Topological spaces

Definition 5.1 (Topology). Let X be a set. A topology on X is a collection T
of subsets of X satisfying:

e JET.

e XeT.

o If {Vataer €, then J,er Va € T.

o If{Vi,...,Vo,} C, then (\,_, Viinl.

Remark. If T is a topology, then {&, X} C Tt and 7 C P(X), where P is a power
set.

Definition 5.2. Suppose T,7" are topologies on X. We say T is coarser than T
ift C 1. T is finer than T if T C T'.

Example 5.1. If X is a set and T is a topology. Then, T is coarser than the
discrete topology, P(X), and finer than the trivial topology, {&, X}.

Note that if T C 1’ and v C 71, then T = 7'.

Example 5.2. Define T to consist of the subsets U of X wiith the property
that X — U is finite or all of X.

Lemma 5.1. Ty is a topoology on X. This is defined as the finite complement
topology.

Proof. To show @ € Ty, notice that X — @ = X. So @ € 1y. To show that
X € 1y, notice that X — X = &, which is finite. So X € 1.
To show that it is closed under arbitrary unions, suppose

{Vataer € 15.

It suffices to show that X — | _.; Vi, is finite. For this, note

acl
X—JVa=[X-Va).
ael ael

X —V, is finite so
N&X-V)cx -V,
a€cl
for any o/ € I which implies [ ,; X — V, is finite.
For closure under finite intersections, let

{Vl,...,Vn}ng.

11



Then,
X-Nv=UJx-w
k=1 k=1

is a finite union of finite sets and so it is finite. O

Example 5.3. Consider X = R. Then, R—{0} is open in the finite complement
topology. R—{0, 3,100} is open in T7. Note that (4, c0) is not open in T because
its complement is not finite.

Remark. Assume T is a topology on X.
e (X, 1) is a topological space.
e X is a topological space.

e U e tiff U is open in T iff U is an open set.

12



6 Basis for a Topology

Definition 6.1. Let X be a set. A basis for topology on X is a collection B of
subsets of X satisfying:

e Vxe X, IBe B,z € B

e VBy,By € B, if x € By N By then dB3 € B such that x € Bs and B3 C
B; N Bs.

Example 6.1. Consider X = R2. Let B; be a collection of interiors of circles
in R2. Then, B; is a basis.

Example 6.2. Consider X = R2. Let By be collection of interiors of axis-
parallel rectangles. Then, Bs is a basis. Note that nontrivial intersection is
always a rectangle.

Definition 6.2. The topology generated by a basis B is the collection T satisfy-
mg:
Uet < VxeU,dBeB,xe BCU.

Example 6.3. Consider X = R with standard topology, Ts. Consider U =
R — {0}. Then, U € 5. Let z € U:

1. (Case 1) x > 0. Let B = (0,2 + 1). Then, x € B C R — {0}.
2. (Case 2) © < 0. Let B = (z —1,0). Then, z € B C R — {0}.

Example 6.4. Let Ty be finite complement topology on R. If U € Ty, then
U e Tst- So Tf C Tg.

Remark. (3,00) is open in Ty but not in ;.

Lemma 6.1. If B is a basis and T is the topology generated by B, then T is a
topology.
Proof. @ € T is vacuously true. If z € @ then 3B € B such that z € B and
B C .

Now, we want to prove that X € 1. Let x € X. By the axioms for basis,
dB € B such that x € B and B C X. Hence, X € 1.

Let {Uqy}aca be a collection of t. Let

T € UZ/la.

Then, 9B € A with © € Ug. Since Ug € Tau, 3B € B such that z € B and
B CUgp. TheN, z € B and B C Up. So T is closed under arbitrary unions.

Let {Vi,...,V,} C t. We want to use proof by induction to show that T is
closed under finite intersections. When n = 1,

Vi=Vier

k=1

13



Assume the claim is true for n. Then,

n+1 n
(N Ve =Varin[) Vi
k=1 W k=1
N——
Wl

Note W € T and W’ € T by the induction hypothesis. If W N W' = & then we
are done (@ € 1). Let z € WNW’. Then, z € W and 2 € W/, implying that
3B1,By € B such that x € By C W and x € By C W’. Hence, 3B3 € B with
x€B3§BlﬂBQQWﬁW’. O

Example 6.5. Consider X = R. Define
(a,b) ={z e Rla <z < b}

for a,b € R. Show
Byt = {(a,b)|a,b € R}

is a basis.

Let z € R. Then,
x€(x—1,x+1)€ By.

For the second axiom, let (a,b), (¢, d) € Bs; and assume x € (a,b) N (c,d). Then,
z € (¢,b) C (a,b) N (c,d).

Definition 6.3. The standard topology on R is the topology Ts: generated by
Bt

Lemma 6.2. Suppose B and B’ are bases on X and T and T are the topologies
they generate. Then, the following are equivalent:

1. T is finer thant (tC 1)
2.V € X and VB € B with x € B, 3B’ € B with x € B’ C B.

Proof. First, we want to show that 1 implies 2. Assume T C 7v'. Let z € X and
B € B such that z € B. Since B generates T, B € T. Then, B € T’. Since T’ is
generated by B,

IB' e Bwithz € B C B

Other direction is left to readers as an exercise. O

Let X = R2. Consider B;, a collection of interior of circles, and B, a
collection of interior of axis-parallel rectangles. Let T; be toplogies generated
by B; where j =1, 2.

Lemma 6.3. 11 = 1o

14



Proof. (t1 C T2). We use the theorem from earlier. Let a2 € R2 and 2z € B; C
Bi. We have to show that 3By € By with x € By C B;. Since z € By, x sits
inside a circle. But we can always construct a rectangle Bs smaller than B; but
contains x.

(to € 11). Let # € R? and By € B, with © € By. We can always take
By € B to be a circle inside rectangle B, and contains z. So z € By C By. [

Lemma 6.4. Suppose (X,7,) and (Y,Ty) are topological spaces. Consider
XxY={(a,b)|ae X, beY}

Then,
B= {U X V|U€Tx,VETy}

is a basis on X X Y.

Proof. Let (a,b) € X xY. Then, X xY € B and (a,b) € X xY. Let
Uy x V1,Uy x V5 € B and assume

(a,b)GleVlﬂngVg.

Note
(Ul X%)m(UgXVQ):(UlmUQ) X(Vlﬁ‘/é)EB.

So
(a,b) S (Ulng) X (Vvlﬁ‘/g) - (Ul X Vl)ﬂ(UQ X Vé)

O
Definition 6.4. The product topology is the topology generated by this basis.
Theorem 6.1. Suppose B, and B, are bases for T, and t,, respectively. Then,
{B1 x Bs|By € By, B € By}
s a basis for product topology on X xY.
Example 6.6. (X, 1,) = (R,15) = (Y, Ty).

Definition 6.5. The standard topology on R? is the product topology of the
(R, Tst>~

Remark. The theoremm tells us that R? has a basis
{(a,b) x (¢,d)|a,b,c,d € R}
Suppose B is a basis for a topology T on X.
e First, if B € B, then B € 1. Recall that
Ut < Vz=U,3B' =B,z € B CU.
So let x € B. Then, B’ = B satisfies the above condition (x € B C B).

Hence, B € 7.

15



e Let U € 1. Then, U is a union of elements in B. To prove this, let U € T.
By definition,
Vee U,dB, € U

such that x € B, C U. Then,

{Bz}weU CT

Then,

U B=U

zeXy

Suppose X,Y are topological spaces and equip X x Y with the product
topology. Define
m:XxY —-X

M X XY =Y
Define
S={r ' (U cCcXIu{m!'|VCY}
The collection S is called a subbasis. The product topology is obtained by

considering all unions of finite intersection of elements in S.

Definition 6.6. If X is a set, a subbasis is a collection S of subsets whose union
is X. This generates a topology by considering all unions of finite intersections
of things in S.

16



7 The Subspace Topology

Definition 7.1. Let (X, T) be a topological space and Y C X be any subset.
The subspace topology on Y is

Ty ={UNY|U € t}
Lemma 7.1. Ty is a topology.
Proof.
e JNY =0 € 1y.
e XNY =Y e€1y.
e (Unions) Let {V4}aeca C 1y , then V,, = U, NY for some U, € 1. Then,

UVve= U(UaﬂY)=<U Ua>ﬂY€TY

acA acA a€cA

Theorem 7.1. Suppose B is a basis for X andY C X. Then,
{BNY|B € B}
18 a basis for the subspace topology on Y.
Example 7.1. Let X =R with B = {(a,b)|a,b € R}. Consider
Y =[1,00).
Then, the basis for this topology is given by
By ={[1,a)la € R,a > 1} U{(a,b)|a,b e R,1 <a < b}

Example 7.2. (3,7] ¢ Ty because there does not exist open U € T (U € B)
such that
(3,71=UnN|1,00).

Proof. To yield contradiction, suppose there exists such U. Then,
7€ (a,b)N[1,00).

So 7 € (a,b) and 7 € [1,00). In other words, a < 7 < b.
Let e = (b—7)/2. Then,a <7+e<bsoT7+c¢€¢€ (a,b) and 7+ ¢ € [1,00).
Then,
T+ee(@bn[loo)=(3,7 = 3<T+e<T,

yielding contradiction. O

17



Example 7.3. Let X =R and Y = [0, 1]. A basis for the subspace on Y is
{@h)0<a<b<1}U{[e)0<b<1}U{(@ 10 <a<1)
Example 7.4. Consider a rectangle
R =[0,1] x [2,6].

There are two ways of thinking of topology on this rectangle. Since R C R2?,
we can think of it as a subspace topology. We can also think of it as a product
topology. So are they same topologis in this case?

Theorem 7.2. Suppose X and Y are topological spaces and A C X and BCY
are subspaces. Then, the product topology on A X B equals the topology A x B
inherits as a subset of X x Y.

Proof. In the subspace topology, basis element is given by
(AxB)Nn (U xV)

where U C X and V C Y. Likewise, basis element of product topology is given
by
(ANU) x (BNV).
But then
(ANU)x (BNV)=(AxB)Nn({U x V).

18



8 The Order Topology

Let X be a set.

Definition 8.1. An order relation (or simple order or linear order) is relation
R on X so

1. (comparability) If x,y € X and x # y. Then either xRy or yRx.
2. (Nonreflexivity) Ax € X such that xRzx.
3. (Transitivity)s If xRy and yRz then tRz.
Example 8.1. Define X C R and R =<. Then, R is an order relation
Proof.
1. If x # qy, either x < y or y < .
2. Ar € X such that z < z.
. r<yy<z = <z
O

If X has an order relation, we often denote it <. Suppose (X, <) is a set
with an order relation for a,b € X.

Definition 8.2. (a,b0) = {z € X|a < z,z < b}.

Definition 8.3. (a,b] = {x € X|a < z,z < b, orz =b}.
Definition 8.4. [a,b) = {z € X|a < z,z <b, orx =a}.
Definition 8.5. ag € X is a minimal element if Vx € X, ag < .
Definition 8.6. by € X is a mazximal element if Ve € X, x < bg.

Definition 8.7. Suppose (X,<;) and (Y,<,) are simply ordered sets. The
dictionary order on X XY is the order <y, defined as follows:

(a1,b1) <xxvy (az,b2)
if a1 <z a2 or a1 = az and by <, bs.
Example 8.2. Define X =Y =R and <,=<,=<, usual inequality. Then,
e (0,0) <xxy (1,-3) is true
e (0,0) <xxvy (0,—3) is false.

Definition 8.8. Suppose (X, <) is a simply ordered set. Then, the order topol-
ogy on X is the one with basis elements: (a,b) for a,b € X, [ap,b) for b € X
provided ag is the minimal element of X, and (a,bo] for a € X provided by € X
is the mazimal element.
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Example 8.3. Consider X = [0, 1] with <, the standard inequality. The order
topology is the topology inherited as a subset.

Example 8.4. Consider (R?, <,) where < is the dictionary order. The order
topology is called the dictionary order topology.
Think about what this set looks like:

((0,0),(1,1))

Example 8.5. Let X be a set with the discrete topology (all subsets are open).
Show that
By = {{z}|z € X}

is a basis.
Proof. Let x € X then z € {} C B. Let By, By € By and « € By N Bs. Then,
Bl = {J)} == BQ

sox € {z} C BiNBy

Let t; be the topology generated by B;. We clearly have 11 C T4, where
T4 is the discrete topology. To show that T4 C Ty, let U € 14 and let x € U.
Then, z € {x} C U and {z} € By. So the results follows by a theorem in section
13. O

Example 8.6. Show that
By = {{z} x (a,b)|z,a,b € R}
forms a basis for R x R with the dictionary order topology.

Proof. Assume that it’s a basis. We will show that the associated topology T2
is the dictionary order topology Tpo.
Note that if B € By, then Jx,a,b € R such that

B ={z} x (a,b) = ((z,a), (z,0)) = {y e R x R|(z,a) <po y <po (z,b)}.

So this is open in Tpp. So T2 C Tpo.
Let ((a1,b1), (az2,b2)) be a basis element in the dictionary order topology.
Let y € ((a1,b1), (ag,be)). Write y = (x1,41). There are three cases:

1. a1 <z1 < as
2. a1 = I1
3. as = x1

Here, we will prove case 1. Assume a1 < x < as. Then,

ye{z} x (y1 — Ly +1)
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Then, {z} X (y1 — 1,51 + 1) € B2 and also
{z} x (y1 = Ly1 + 1) € ((a1, 01), (a2, b2))
Assuming these the topology on Ry x R has basis
{{z} x (a,b)|z,a,b € R}.

This is exactly the basis that generates the dictionary order topology. So two
topologies are same. O

Example 8.7. Let X = R. The set
Be = {[a,b)|a,b € R}

is a basis. The topology it generates is called the lower limit topology on R. R
with the lower limit topology is denoted Ry.

Remark. Lower limit topology is strictly finer than standard topology, i.e., every
open set in standard topology is open in lower limit topology but not vice-versa

Example 8.8. Is [0,1) open in the standard topology? No [0, 1) is not open in
standard topology. If it were, then there would be some (a,b) C R such that

0€ (a,b) C[0,1).

But then
0€(a,b) = a<0,b>0

So a/2 € (a,b). But a/2 < 0so a ¢ [0,1).

Example 8.9. Is (0,1) open in R;? Yes because

o0n= | [,

z€{y|y>0}
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9 Interior and Closure

Recall De Morgan’s Laws:
¢ UaEI(X \Ua) =X\ nae[ Ua

b naeI(X\Ua) = X\Uael Ua

Definition 9.1. If (X, T) is a topological space then a subset A C X is called
closed if X \ A is open, i.e., if X\ A€ET

If C is a collection of all closed sets in X,
1. XecC

2. @eC

3. C is closed under arbitrary intersection.
4. C is closed under finite union.

Example 9.1. In R, consider U,, = [1/n,1 —1/n] for n € Z*. U, is a closed
interval for each n € Z*. Hoever,

nezt
is open and not a closed set.

Definition 9.2 (Interior). Suppose (X,T) is a topological space and A C X.
Define Int(A) to be the union of all open sets contained in A.

IntA = U U,
acJ
where {Uy, a0 € J} consists of all U, € J such that U, C A.

Observe that IntA is an open set. Notice also that Int(A) C A. So IntA is
the maximal open set contained in A. In other words, any open set V' contained
in A is a subset of IntA.

Remark. If A is open, IntA = A.

Definition 9.3. The closure of A, denoted A, is defined as the intersection of
all closed sets that contain A:
A=) Cs

BEK
where {Cg : B € K} consists of all closed sets hat contain A.

Observe that f_l is a clo§ed set because it is an intersection of closed sets.
Notice that A C A. Then, A is the smallqst closed set that contains A, i.e. any
closed set that contains A must contain A.
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Remark. If A is closed, then A = A.

Example 9.2. If U,,«a € J is a collection of sets with B C U,, for all a, then

B € N,ey Ua. Further, if B = U, for some o/ € J, then
B= ﬂ Uy C Uy
acJ

for all o.
Proposition 9.1.

ent(X —A)=X-A

e (X —A)=X —Int(A).
Example 9.3. Define

X ={a,b,c}

t={2,{a},{a,b}, X}
Then,
C= {X7 {bv C}, {C}’ @}

Consider A = {a}. Then, IntA = {a} and A = X.
Consider B = {b}. Then, IntB = & and B = {b, c}.
Consider C = {c}. Then, IntC = X and C = {c}.

Let
X =C={z+iy|z,y e R}

Example 9.4. Consider
A= {rew\O <0 <2m,0<r<lorrl,d e Q}
Then, 4
IntA = {re”|0 <7 < 1}
A={re?l0<r<1}

Notice that if 2 € A and U is an arbitrary open set in C containing z then
UNA#g.

Theorem 9.1. If A C X is any subset then X € A if and only if every open
set U containing X intersects A nontrivially.

Proof. Recall A is a closed set, so X — A is open. We will show conversely that
x ¢ Aif and only if there exists an open set U containing x such that UNA = &.
But since X — A is open, if x ¢ A, then x € X — A. Openness of X — A now

implies that there exists small open set U about z with U C X — A. As such,
UNA=@,since A C A, it follows that U N A = @. O
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Definition 9.4. If A C X is a subset,
A={z € X|[UNA+# @ for every open set U about X}.

Definition 9.5 (Limit point). A point X is a limit point of the set A if every
open set U about x satisfies (U — {x}) N A # &, i.e., we require U intersects A
in some point other than x. We write

A" = {z|z is a limit point of A}.
Theorem 9.2. A= AU A’

Proof.
U-{2})nNA#4¢0 = UNA#2

which implies A C A. But we already know that A C A. Then

AUA C A.

Suppose x E_fl. Either x € A, in which case z € AU A’ or x ¢ A. In this

case, since & € A, every open set U about satisfies U N A # @. But z ¢ A so
x ¢ A. So
(U—-{z})NnA#o.

Sox e A O

Let X be a topological space with Y C X a subset. Regard Y as a topological
space using the subspace topology, i.e., V C Y is open in the subspace topology
if and only if there eixsts an open set U C X with V =UnNY.

Theorem 9.3. In the subspace topology on'Y , a subset B C'Y is closed if and
only if B=ANY for some closed set A C X.

Proof.

B CY isclosed < V =Y — B if open
<= 33U open in X such that V =UNY
<~ A= X —"U is closed
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10 Sequences

Definition 10.1 (Convergnece). If {X,} is a sequence of points in a topological
space X, we say {X,} converges to x € X if for every neighborhood U about z,
there exists integer N such thatn > N — X, € U.

Remark. In a general topological space, a sequence may converge to more than
one point.

Example 10.1. Consider the trivial topology:
Ttriv = {@, X}
Every sequence converges and it converges to every point in X.

Example 10.2. Given X = {a,b, ¢}, consider the following topology:

T={2,{a},{a,b}, X}.
Then, the sequence X,, = b for all n converges to b as well as ¢ but not to a.

Example 10.3. If X has the discrete topology, then show that a sequence
{X,} is convergent if and only if {X,} is eventually constant, i.e., 3z € X and
N € Z7 such that

n>N = X, =X.

Definition 10.2. A topological space A is called Hausdorff if for any two dis-
tinct points x,y € X there exists disjoint open sets U,V withx € U andY € V.

Example 10.4. If {X,,} is a sequence of points in Hausdorff space, then if it
converges, the point it converges to is unique.

Theorem 10.1. If (X, 1) is Hausdorff, then every finite subset of X is a closed
set.

Remark. If X is Hausdorff, then every singleton {z} is closed.

Example 10.5. Consider

Then

7

is not closed in R.

Example 10.6. An infinite collection of open sets whose intersection is not
necessarily open. Consider



Then,
ﬂ U, = {0}
n=1

is closed in standard topology.

Definition 10.3. A topological space X in which all finite sets are closed is
called a Ty space.

Theorem 10.2. If (X, T) is Hausdor{f, then X is a Ty space. Note that converse
18 not necessarily true.

Example 10.7. If X is inifinite and T is finite complement topology is a T}
space but not Hausdorff.

Example 10.8. Notice if X is finite, then the every subset U C X has a finite
complement. So in this case, the finite complement topology is the same as the
discrete topology. So it is a T3 space and Hausdorff.

Theorem 10.3. If X is Hausdorff and {x,} is a convergent sequence converging
to x € X, then the point x is unique. In this case, we say x is the limit of the
sequence {x,} and write

lim z, = .

n—oo
Theorem 10.4. If (X, <) is a simply ordered set, then it is Hausdor(f in the
order topology.

Theorem 10.5. If XY are two topological spaces annd both are Hausdorff
then so is the product X x Y.

Theorem 10.6. If X is Hausdorff and Y C X is a subset, then'Y is Hausdorff
i subspace topology.
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11 Continuous Functions

What does it mean to say that a function f: R — R is continuous?
o Vx e R, HmI_w;r f(z) = me_mg f(z) = f(zo).
o limyto00 Tn = To = lim, o0 f(xn) = f('TO)
o Vzo(Ve > 0,36 such that |z —xo| <6 = |f(z) — f(z0)] <e.

Definition 11.1. If f : X — Y is a function between two topological spaces
X,Y, then f is continuous if f~*(V) is open for every open set V. C Y.

Example 11.1. Consider f : R — Ry, where R, is the lower limit topology and
f(z) = z. This map is not continuous. Take V' = [a,b). This is open in R, but
f~1(V) =V is not open in the standard topology.

Example 11.2. g: R, — R with g(x) = x is continuous.

Example 11.3. If f : X — Y is the constant map f(z) = yoVx € X, then f is
continuous for any topology on X, Y.

Theorem 11.1. Let X, Y be two toplogical spaces and f : X — Y is a function.
If f: X =Y then the following are equivalent:

1. f is continuous

2. for all subsets A C X, f(A) C f(A)
3. for all closed sets B CY, f~1(B) is closed in X

4. for each x € X if V is open about f(x), then 3 open set U about x such
that f(U) C V.

Example 11.4. Consider f : X — Y any function. If X has discrete topology,
f is automatically continuous.

Proof. Let U CY be open. Then, f~1(U) is a subset of X. By the definition
of the discrete topology, f~1(U) is therefore open in X. Thus, it is true for all
open U C Y, so f is continuous. O

Example 11.5. Consider YV = [0,1) € R with standard topology on R. Find
the closure Y.

We can define closure in three different ways:

1. Intersection of all closed sets containing Y

2. Y =Y U {limit points}

3. Y is the smallest closed set containing Y.
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Note that [0,1) C [0,1] and [0,1] is closed in standard topology ([0,1] = R —
((=00,0) U (1,00))). This implies that Y C [0, 1].

We also have [0,1) CY. If Y #[0,1], then 1 ¢ Y and Y = [0,1). However,
[0,1) is not closed in standard topology and this is a contradiction. Therefore,
Y =[0,1].

Example 11.6. Define X = [0,00). Consider X x X with dictionary order
topology. Show that X x X is Hausdorff.

Proof. Let (x1,41), (x2,9y2) € X x X with (21,y1) # (22,y2). We may assume
(x1,y1) < (z2,y2). There are 7 cases that we have to consider:

1. 0 <2y <29 and y1,y2 >0

2. 0=x1 <zyand y1,y2 >0

3.0=z1 =22 and 0 <y < yo

4. 0=x1 =22 and 0 =y < Yo

5. 0<zy<zandy; =0o0ry, =0
6. t1 =z2>0and yo >y; >0

7. 21 =292 >0and y; =0 or ys #0

For case 1, consider

= (o) (s + )
= (e ). o+ 2))

Then, there intersection is empty and (z1,y1) € Uy and (22,y2) € Us. O

Definition 11.2. Let X and Y be topological spaces. A function f : X —Y is
a homeomorphism if

1. f is continuous
2. f is bijective (so f~! ewists)
3. f~1:Y — X is continuous
Example 11.7. Suppose X is a topological space. Then, identity function
Id: X —- X
with Id(z) = « is a homeomorphism.

Example 11.8. If f : X — Y is homeomorphism, then f~! : Y — X is a
homeomorphism.

Example 11.9. Consider f : R — R with f(x) = 3. Then, this is a homeo-
morphism. Furthermore,

Fy) =y
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12 The Product Topology

Definition 12.1. Let {X,} be a collection of sets indexed by o € J. Then,

HXa:{f:J—> UXa,f(ﬁ)eX5VB€J}.

aeJ acJ
Example 12.1. Consider J = {1,2}. Then,

[T Xo={r:{1.2} 5> XaUXa|f(1) € X3, f(2) € Xo}
aeJ

={(f1, f2)lf1 € X1, fo € X}
= X1 X Xg

More generally, if J = {1,2,...,n}, then
[[Xe=XixXox - xX,
acJ

If =74 ={1,2,3,...}, then we can write

H:Xl XXQXXgX'“
acJ

If J =274 and X, = XVa € J, then
[] Xo=XxXx-=Xx¥
acJ
Example 12.2. Consider J = R and let X, = RVa € R. Then,

[[Xx.=]IRr

acJ a€cR

:{f:R—> UR\f(x)evaeR}

ainR

={f: R — R|f is a function}.

Definition 12.2 (Box topology). Let {X,}acs be a collection of topological
spaces. The box topology on [ Xu is the one with basis

{H Ua|Ua C X, open}

acJ

Lemma 12.1. If B, is a basis for X, then

{HBa]BaeBa}

acJ

s a basis for the box topology.
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Definition 12.3. For inJ, define
gt H Xo — X@
aeJ
Example 12.3. Consider J = {1,2}. Then,
H X, = X; X Xo.
acJ

Furthermore,
m X1 x Xo = X4

o : Xo X Xo — X5

Definition 12.4 (Product topology). The product topology on [
one with subbasis given by

aeg Xa 18 the

{ﬂ'gl(Ug) |Us € X3 open , 3 € J}
If 1] Xo is equipped with the product topology, we call [ Xo the product space.
Lemma 12.2. If B, is a basis for X, then

{wgl(Bﬂ) | By e By, B e J}

18 a subbasis for the product topology.

Remark. If J is finite, then the box topology on [] X, equals the product
topology.

Example 12.4. Counsider J = Z, with X, = R. Then,
I Xo =R~
For example, a box topology can be

[[Ba=B1xByxBsx---.
ae]

Then,
(=1,1) x (=2,2) X -+ X (=n,n) X - -+

is a basis element in box topology.
On the other hand,

(=1,1) x (=2,2) X -+ - X (—=m,n) X - -
is not open in product topology.
(-1,1) x (=2,2) x - x (—m,n) x Rx -+ X R---

is open in product topology.

30



Lemma 12.3. The collection
{H U, | Uy, C X, is open Uy = X, for all but a finite number of a € J}
acJ
forms a subbasis for the product topology on [[,c; Xa-

Example 12.5.
(L) x (L) xRxRx---

is open in the product topology on R“ but
(—1,1) x (=1,1) x --- x (=1,1) x - -~

is not open in product topology.
If we define 71 : R¥ — R where 71 (21, 22,...,) — x1. Then,

mH(-1,1) = (-1, 1) xRxR x ---
is open in product topology. Likewise, we have
o (=1,1) =R x (=1,1) x R x - -+
open in product topology. Then,
N (=1,1) x m M ((—1,1) = (=1,1) x (=1, 1) x RX R x --- .
is open in product topology. Note that we can only take finite intersections.

Example 12.6. Consider R¥ =R x R x --- with the product topology. Show
(171)X(1,1>X"'X(171)X"'
2°2 nmn

Solution. Recall that U is open if and only if Vo € U there exists B € B a basis
element such that

is not open.

re BCU.
Observe that

11 11
(O7O,7O)EU:(71,1)X (2,2) X X (n’n) X ..

Assume B is a basis element containing z. Then, we can write
B=VixVox---xV, xRxRx---

where V; C R open and 1 <1 < m. If B C U, then the following condition must

be satisfied:
Rc (-1 1)
- m+1"m+1

This is false. So B € U. Therefore, U is not open. O
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Example 12.7. Is the following function continuous? f :R — R? where
F(t) = (cos(t), t* + ')

Theorem 12.1. Let {X,} be topological space and give [| X, the product topol-
ogy. Let

f:A— H X,
be any function. Then, f is continuous if and only if 7o o f : A — X, is
continuous Vo € J.

Example 12.8. Let J =Z . Then,

HXQ:Xl X Xg X -
Consider f: A — X7 x Xo X --- with

fla) = (fi(a), f2(a),...)

fi=mof
fa=mof

Note that f, = 7o o f is the a-th component of f.

Example 12.9. Recall that the product topology has subbasis
-1
S= {H(U)|U§Xa open ,a € J}

So w3 : [[ Xo — Xpis continuous Vg € J.

Now, we will prove the theorem.
Proof. (=) If f is continuous, then m, o f is continuous because composition of
continuous functions is continuous.

(<) Assume 7,0 f is continuous Vo € J. Let 71 (U) C [] X, be a subbasis
element. Then,

1 - -1
FHANU)) = (rao f)7 (U).

Then, this is open because the composition map (7, o f) is assumed to be
continuous and U C X, is open. O

Recall that a basis for product topology is
[1v.
acJ
where U, C X where U, = X, for all but a finite number of o € J. Note

w5 (Us) =[] Ua

aeclJ
where U, = Ug if a = f and U, = X, if o # 5.
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Example 12.10. Consider [[ X, = R x R. Then,
1 ((-1,1)) = (-1,1) x R.

On the other hand, the basis from S is

Tt (Uay) NNt (Ua,) = [ Ua
aed

where U, = Uy, if @« = a; and U, = X, otherwise. Hence,
x € WEI(UB)

if and only if
mp(x) € Up

if and only if the S-composition of z is in Ug (no restriction on the other com-
ponents).

Example 12.11. Consider f : R — R where
f@®) =(t,tt,...).

By the previous theorem, this is continuous in the product topology on R%.
However, this is not continuous with the box topology on R%.

Proof. Consider

U=(-1,1) x (—;7;) X

We will show that f~1(U) is not open in R.
We claim that f~1(U) = {0}. If t € f~1(U), then f(t) € U. Note that

(t,t,t,...) €U
So
te(—1,1)
te(-11
272
(23)
te—=,—
n'n
So |t| < 1/n¥n. This implies that t = 0. Conversely, f(0) € U. O

33



13 Metric Topology

Definition 13.1. Let X be a set. A metric on X is a functiond : X x X = R
satisfying

1. d(z,y) > O0Vz,y € X and d(z,y) =0 < z =y

2. Va,y € X, d(z,y) = d(y,z)

3. (triangle inequality) Vx,y,z € X, d(z,2) < d(z,y) + d(y, 2)
Definition 13.2. (X,d) is a metric space.

We can think d(x,y) as the "distance” between x and y.
Definition 13.3. Let x € X and € > 0. We can define

Ba(z,€) = {y € X|d(z,y) < €},
the ball of radius epsilon centered at x, relative to the metric d.
Example 13.1. Define d : X x X — R as follows:

d(z,y) = 0 ifex=y
W= 1 ifx#y

We want to verify three axioms.
1. 1<O0andd(z,y) =0iff x =y
2.c=y <= y=zandr#y < y#zx
3. Note that d(z, 2), d(z,y), d(y, z) are all either equal to 0 or 1. The triangle
inequality can only fail if
d(z,z) =1 and d(z,y) + d(y,z) =0
Note that
dz,y) +d(y,z) =0 = d(z,y) =0,d(y,2) =0 = z=y,y==2

This implies that © = z by transitivity and d(z,z) = 0. This yields
contradiction because we assumed d(z, z) = 1. So the triangle inequality
does not fail.

Example 13.2. Let X = R and define d as above. Sketch the ball with radius
1 centered at 0. Sketch B,4(0,2).
Note that
Bq(0,1) = {y € R[d(0,y) <1} = {0}

and
Bu(0,2) = {y € Rld(0,y) < 2} = R.
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Example 13.3. Let X =R and define d : R x R — R where
We want to check that d is a metric.

1. d(z,y) = |z — y| > 0. Furthermore,

dlz,y) =0 <= z—y=0 < z=y.
diz,y) =lz—yl=|-y+z|=]|-(y—2)=|y—2z|=dy,z)

dz,2) =z —z[=lv—y+y—z < |z —yl+|y—z[ = d(z,y) +d(y, 2)
Example 13.4. Define d as in previous example. Then,
Bi(3,€) ={y e R[d(3,y) <e} ={y e R|3—y| < ¢}

Note that |3 — y| < € is equivalent to 3 —y < € and —(3 — y) < €. Rearranging,
we have

Bi3,e) ={yeR|—e+3<y<e+3}=(3—-¢€3+¢)
Lemma 13.1. Let (X,d) be a metric space. The collection
B = {Bl(XaG)m' € X,G € (0,00)}

forms a basis. The induced topology is called the metric topology if (X,T) is a
topological space and T is induced from a metric as above (3 a metric d so T is
in the metric associated to d then we call (X,T) metrizable)

Example 13.5. Consider X with

d(z,y) = 0 ifx=y
W= 1 ifx#y

The metric topology is the discrete topology. Bg(z,1) = {z} are contained in
the basis.

Example 13.6. Consider X = R with d(z,y) = |z — y|. Then, the metric
topology is the standard topology and the basis is By(x,€) = (x — €,z + €).

Example 13.7. Consider X = R" where n > 1. Then, for x,y € X, we can
write
€= (x17x27"'7$7l)

Yy = (ylay27"'7yn)
Let

dla,y) = (w1 — 1) + (@2 —12)2 + -+ (T — yn)?
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Lemma 13.2. This is a metric called the Euclidean metric. Forn = 2, Bg(z,€)
s a circle centered at x with radius €.

Example 13.8. Consider X = R" and define

plx,y) = (lz1 —y1l, - o |20 — ynl)

When n =2 B,(X,¢) forms a square whose sidelength is 2e. For example,

B, (0,€) = {y| max(|y1], [y2|) < €}
Example 13.9. Show every metric space is Hausdorff.

Proof. Let x1,x9 € X with z7; # x5. Set € = %d(:r:l,xg). Since x1 # x2, SO
€ > 0. Hence,
21 € By(z1,¢€) and z9 € By(xa,€)

Also,
Bd($1,€) n Bd(l’g, 6) =9

because if z € Bg(x1,€) N Bg(xa,€), then

d(z1,29) < d(x1,2) + d(z,z2)
< €e+e€

= d(xl,xg)

which is a contradiction. O

14 Comparing metrics
Consider X = R" and z,y € X such that

= (31,0 0)

y:(y17"'7yn)

Recall that Euclidean metric is defined as

d(z,y) = (21— 11)% + - + (@0 + Yn)?
and the square metric is defined by

p(ﬂc,y) = max{|x1 - y1|7 RN ‘mn - yn|}

= max{la; — yil}
Consider By(0,¢). By definition,
Ba(0,¢) = {y|d(0,y) < ¢}
= {1y yE o+ < e}

={(y1, - u)ly + s <€}
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is the interior of a radius-e sphere. On the other hand,
By(0,€) = {(y1,- -, yn) max{|z; — il }}
= (—¢,€) X (—€,€) X -+ X (—¢,¢€)

Hence, when n = 2, B4(0, €) is a circle of radius € and B,(0, €) is a square whose
side lengths are 2e. We know how to compare two toplogies generated by these
metrics but how can we compare the metrics?

Lemma 14.1. Suppose d and d' are metrics on X and T and T are their
respective topologies. The following are equivalent:

1. tCT
2. Vx € X,Ve > 0,35 > 0 such that By (x,0) C By(x,¢).

Proof. Assume T C 7. Let x € X and € > 0. By Lemma 13.3, there exists a
basis element B’ for ' so
x € B' C By(z,¢).

We have B’ = By (y,r) for some y € X and r > 0. Let 6 = r — d'(z,y). Since
x € By (y,r), we have § > 0.
We claim that By (z,6) C By (y,r). Let 2 € By/(x,6). Then,
d'(z,y) <d'(,2) + d'(z,y)
<d+d(z,vy)
=r
This implies that z € By (y,r). Hence,
Bd/((E,(S) - B/ - Bd(x,e)

So this proves the second statement.

Now, assume that the second statement is true. Let By(x,€) be a 7-basis
element. Let y € By(x,¢) then the assumed statement implies that we can find
4 > 0 such that

y € Ba/(y,0) C By(x,e)

Then, T C 1’ follows by Lemma 13.3. O

Theorem 14.1. The topologies on R™ coming from the Euclidean metric and
the square metric are equivalent. These both equal the product topology.

Proof. Let T, be the topology coming from the square metric p and T4 that
coming from the euclidean metric d. Note

plz,y) = mfxﬂxi —uil}

= |z;, — yy.| for some i, € {1,2,...,n}
=V (% —yi,)?

< \/(ml _y1)2+"'+ (xn _yn)2
=d(z,y)
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So
Ba(z,¢) = {yld(z,y) < e}
C {ylp(z,y) <€}
= B,(z,€).
By the previous lemma, T, C T4.
For the reverse inequality,

d(z,y) = (21— 1%+ + (@0 — Yn)?
= V@i, —yi )2+ A+ (w0, —vi)?
= vn(zi, —yi.)?
= Vnp(z,y).

This implies that B,(z,e/v/n) C Bqy(z,€). Therefore, 14 C T,
Finally, we want to prove that p-topology equals the product topology. Let
(a1,b1) X -+ X (an, by) be a product topology basis element and

(x1,...,2n) € (a1,b1) X -+ X (ay, by).

Set

_ : C— ag|, |z — b,

€ ie{rﬁ}?’n}{|xz ail, |z il }
Then,
(X1,...,xp) € (11 —€6,21 +€) X - X (T — €,y +€)

Q (al,bl) X+ X (an,bn),

where

(x1—€x1+€) X X (2p—€,Tn+€) =B,((x1,...,20),€)
Conversely, let
B,((z1,...,2n),€) = (x1 — 6,21 +€) X -+ X (xp —€,2p +€)
and y € B,(z,€). Then,

Yy e Bp(x,e) - Bp(x7€)

Example 14.1. For 1 < p < oo, then

dp((@1, -, 20), (Y1 yn)) = (21— y1)P + o+ (2 — ya)) /P

on R™. This is a metric on R".

We want to draw Bg,(0,1) for different values of p. When p = 1, we have
a rthombus. When p = 2, we have a circle. When p > 2, we get a ”fat” circle.
Note that

By, (0.1) = {(z,y)la” +y* =1} = y=£(1—a")"/?

38



As p — oo, we get a square. Hence,

lim dy(z,y) = p(z,y)

p—r00
Example 14.2. Consider
X =C%0,1]) = {f : [0,1] = R | f is continuous}.

For 1 < p < 0o, define

w0 = ([ ) - s(o)lds) "

This is a metric on X. When p = 2, d, is very important in physics.

Theorem 14.2. Suppose (X,dx) and (Y,dy) are metric spaces (with the metric
topology). Let f: X =Y be a function. Then, f is continuous if and only if

Vo € X Ve >0 30 >0 such that dx(z,y) <6 = dy(f(x), f(y)) <e

Proof. Assume f is continuous. Let z € X and € > 0. Since f is continuous and
By, (f(x),€) is open, it follows that f~*(Bg, f(z),€) is open in X. Note that

T € fﬁl(def(a:),e) = 36>0

such that
x € By, (x,0) C fﬁl(def(:c),e).

Assume y € X satisfies d,(x,y) < 0. Then, y € By, (x,0), so
y € fH(Ba, f(x),e).
Hence, f(y) € Ba, (f(z),€). So
dy(f(x), f(y)) <e.

Conversely, assume the § — € condition. Let U C Y be open. If U = & then
f~1(2) = @ is open. More generally, if f~1(U) = @, then we’re done. We may
assume Jz € f~1(U). Note f(x) € U since U is open. Then, there exists € > 0
such that

f(&) € Ba,(f(x),) CU.
The 6 — e condition implies that there exists 6 > 0 such that

dw(mvy) < 6 = dy(f(x)af(y)) <€
So B (x,6) C f~Y(U). That is, for every # € f~1(U), there exists § > 0 so that
x € By, (x,8) C fH(U).

So f~Y(U) is open. O
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Example 14.3. Show the function m : R x R — R defined as
m(a,b) =a+0b
is continuous.
Proof. Let dgxr be a square metric. Consider (a, b), (az,b2) € R x R. Then,

drxr((a,0), (a2, b2)) <0 == [a —az| + |b—ba| <.

Note that
dg(m(a,b), m(as,b2)) = |m(a,b) — m(as,bs)|
= |a+b—a2—b2|
=la—ag +b— byl

<la—as|+[b—by] <d<e
O

Similarly, we can show that subtraction, multiplication, and divisions (as
long as we don’t divide by 0) are continuous functions R x R — R.

Corollary 14.1. Suppose f,g: X — R are continuous where X is a topological
space. Then,
fHg: X xX—=R

(z,y) = f(z) +g(x)
f-g: XxX >R

(z,y) = f(z) —g(x)
frg: XxX—=>R

(z,y) = f(z)g()

are continuous with the product topologyon X x X.
Proof. Note that f + g is the composition of

XxX—->RxR

(z,y) = (f(x),9(y))
RxR =R

(s,t) — s+t
These are continuous so the composition is continuous. O
Definition 14.1. Let X be a set and (Y,d) a metric space. Suppose
i X =Y
is a sequence of functions. Then, (fn)nez, converge uniformly to f: X —Y if

Ve >03dN €Zy Vn> N Ve e X d(fn(z), f(x)) <e
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Theorem 14.3. Sppose X is a topological space and (Y,d) is a metric space.
Suppose (fr) is a sequence of functions converging uniformly to f : X —» Y. If
each fp is continuous then f is continuous.

Proof. Let V CY be open. We want to show that f~1(V) C X is open. It is
sufficient to show that

Vao € f~1(V) 3U open in X such that zo € U C f~1(V)
Consider V = By(f(z0),€) C Y. Then, take
U= fo (Ba(falzo),€/3) € X
is open. We want to show that
L. 2o € £, (Ba(fn(0),€/3))
2. fu ' (Ba(fu(wo),€/3)) € 1 (Balf(0),€))
The first part is true if and only if f,(x0) € Ba(fn(20),€/3). This is clearly true
because d(fn (o), fn(xo)) =0 < €/3.
Now, we want to prove the second statement. Let z € f,, 1 (Ba(fn(z0),€/3)).
v € f7H(Ba(f(wo),€)) <= f(x) € Ba(f(x0),¢)
< d(f(z), f(z0)) <e.

Hence, it suffices to show that this is true.
Observe that

d(f(x), f(x0)) < d(f (), fn(x)) + d(fn(x), f(20))

d )

Since fn(x) € Ba(fn(xo),€/3), it folows that d(f,(x), fn(xo)) < €/3. Since fy,
converges to f uniformly, there exists N such that

d(fn(y), f(y)) <€/3

for all y € X and for all n > N. For such n, we have

d(fn(w0), f(20)) < €/3
d(fn(2), f(2)) < €/3

<
<

Then, it follows that

d(f($>7f<.’170)> < §+§+§:€
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15 Connectedness

Definition 15.1. Suppose X is a topological space. A separation of X is a pair
U,V C X such that

o U # T is open
o V £ & is open
e UNV =0
e UV =X
Definition 15.2. X is connected if it does not have a separation.

Lemma 15.1. X is connected if and only if the following holds: If U C X is
open and closed, then U = & or U = X.

Proof. (=) Assume X is connected and U C X is open and closed. Then,
V =U°¢ = X —U is also open and closed. So U,V are both open and X = UUV
and UNV = @. But X is connected so either U = J or V = @.

(<) Assume that X satisfies the condtion of the lemma. Suppose U and V'
are open, non-empty sets such that UNV = @ and UUV = X. Then, V = U*
so U is open and closed. So U = @ (contradition) or U = X implying that
V = & (again, contradiction). O

Example 15.1. Consider X = {1,2} with discrete topology. This is not con-
nected:

U={1},V={2}
satisfies the conditions.

Example 15.2. Consider X = {1,2} with trivial topology. Then, X is con-
nected. Assume U C X is both open and closed. Since we are in a trivial
topology, U = @ or U = X.

Example 15.3. R under standard topology and (a,b), [a, b], (a, b], [a,b) under
subspace topology are connected.

Example 15.4. Q with subspace topology is not connceted. In particular,
U= (—0c0,m)NQ, V = (m,00)NQ is a separation.

Theorem 15.1. Suppose X is connected and f: X — Y is continuous. Then,
Im(f) = {f(x)|x € X} is connected in the subspace topology coming from Y .

Proof. Set z =Im(f) CY with the subspace topology. Define
g: X =7
x> f(x)

we claim that g is continuous. Let U C Z be open. Then, U = Z N U’ where
U’ CY isopen. Then, g~} (U) = f~1(U’) is open in X. We therefore assume f
is surjective.

42



Now, we want to prove the theorem. Let U C Y be closed, open and
nonempty. It suffices to show that U = Y. If f is continuous, f~1(U) is open
and closed. If f is surjective and U # @. Then, f~}(U) # @. By the Imma and
connectivity of X, f~1(U) = X. This implies that U = f(X) =Y. O

Theorem 15.2. Suppose A C X is a subspace and A is connected. If A C B C
A, then B is connected.

Proof. Assume B is not connceted so there is a separation U,V of B. Then,

U=BnU’
V=BnV

for U, V' C X open. Note that U'N A, V'N A are open in A, disjoint, and cover
A. Tt follows UUNA =@ or V'NA=@. Assume V'NA =@. Then, AC U’. In
fact, since A C B, we actually have AC U =U'NBso AC U. Hence, BCU.
Then, V # @ so there exists b € V C B. So 3Q C B open where b € Q C V.
But B C U sob € U. So every neighborhood of b intersects U. But UNV = @.
So this is a contradiction. O

Remark. All intervals in R are connected.
Example 15.5. Consider
A = {(x,sin(1/z)) | = € (0,1/7)} C R
Then, A is the image of
f:(0,1/7) — R?
x — (x,sin(1/x)).

This is continuos. So A is connceted and hence A C R? is connected. (A is the
topologist’s sine curve).

Theorem 15.3. Suppose X is a topological space and {Ay} is a collection of
connected subspaces (Ao C X and A, is connected). If (), Aa # @ then |, Aa
is connceted.

Proof. Assume U,V is a separation of |, As. Let p € ), Aa. WLOG, we may
assume p € U. Fix a. Then, once of U N A, or V N A, is empty because A, is
connected. Since p € U N A,, we must have VN A, = @. SoUNA, = A, so

A, CU. Then,
U4. cU.

Since U,V is a separation, | J A, = UUV so V = &. This is a contradiction. O

Theorem 15.4. Suppose X,Y are conncted. Then, X XY is connected.
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Proof. Fix (a,b) € X x Y. For x € X, consider
Tx ={z} xY UX x {b}.

Then, X x {b} is homeomorphic to X so it is connceted. Likewise, {x} x Y is
homeomorphic to Y so it is connceted. Since (z,b) € X x {z}N{z} xY, so T,
is conncted by the previous theorem. Note that

UL=xxy,T#£2

rzeX zeX
By the pervious theorem, it follows X x Y is connected. O
Corollary 15.1. R” is conncected Vn > 1.

In summary, here are some useful facts related to connectedness:

R (and its subintervals) is connceted

o If A C X is connected, then A is connected.

e If A, C X are connceted and (), Ao # @ then |, A, is connected

e If XY are connected, then X x Y is connected
Corollary 15.2. If Xq,..., X, are connected, then Xy X --- x X,, is connceted.
Proof. Use the previous bullet and induction. O

Consider
R*=RxRx-- =]]R
Zy

Theorem 15.5. R¥ is not connected in the box topology.

Proof. Let
U= {x=(x1,22,...) | x is bounded}.

and
V = {x | x is unbounded}.

Then, we have
RY=UUV

UnNnv =g
U+#o
V42
Let x = (21, z2,...) € R¥. Then,

xeW=(r1—-lz1+1)x(ra—1L,za+1) X - X (xp—1,xp+1) x---
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If x is bounded, then everything in W is bounded. Then,
xelU = xeWCU

So U is open.
If x is unbounded, then everything in W is unbounded so

xeV —= xeWCV

and hence V is open. So U,V is a separation. O
Theorem 15.6. R¥ is connected in the product topology.

Proof. Define )
Rn = {(x17x2ﬂ"'7xn7070;-~-)} ng

Then, R™ is homeomorphic to R” so R™ is conncected.
(0,0,0,...) € R™ Vn

0 ez, R" # @. Then, R® = U., R" is connceted. Hence, R® C R¥ is
connected.

Now, we claim that R® = R¥. Let x = (x1,72,...) € R and U a basis
element for R¥ with x € U. We want to show that U NR“ # &. we have

U=U; xUyx-++xU, xRxRx---

Notice y = (z1,22,...,25,0,0,...) is in R” and hence y € R¥. Then, z; €
Up,...,z, € Uy,0 € Rsoy € U. Therefore, U NRY # &. O

Definition 15.3. Let X be a topological space and xg,x1 € X. A path in X
from xq to x1 is a continuous function

~:la,b] - X
such that y(a) = xg and y(b) = x1.
Example 15.6. v(t) =tz + (1 — t)zg where ¢ € [0,1].

Definition 15.4. X is path-connected if Vrg,z1 € X, there exists path in X
from xq to 1.

Theorem 15.7. If X is path-connceted then X is connected.
The converse of the theorem is false.

Example 15.7. Consider
A= {(z,sin(1/z)) | x € (0,1/m)}.

Last time, we showed that A is connected. However, A is not path connected.
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Consider z¢ = (0,0) € A and x; = (1/7,0) € A. Suppose v:[0,1] — A is a
path from z to z1. Then, we can write y(t) = (x(¢),y(¢)). So

x:[0,1] — [0,1/7]
y:[0,1] = [-1,1]

are continuous. The set {¢t € [0,1] | z(t) = 0} is closed. Let b = sup{t €
[0,1] | (t) = 0}. Then, z(b) = 0 and z(t) > 0 for t € (b,1] with y(t) =
sin(1/x(t)). By reparameterizing, we may assume that b = 0. For each n, find
0 <u<z(1/n) sosin(l/u) = (—1)". By the intermediate value theorem, there
exists 0 < ¢, < 1/n so z(t,) = u. Note that

I
—~
|
—
~—

3

Then,
lim y(t,) = lim y(t) = y(0).

n— 00 t—0

But lim,, 00 (—1)™ does not exist.

16 Homeomorphism

Definition 16.1. A homeomorphism is a function f : X — Y that satisfies the
following conditions:

e continuous
o invertible (bijective)
o ! is also continuous
Example 16.1. Consider
f:]0,2m) — St
0 — (cosf,sinf)
Here, inverse breaks circle so f is continuous but f~! is not continuous.

Definition 16.2. X,Y are homeomorphic if there exists homeomorphism from
X toY. If this is true, we write X 2Y and say that X is homeomorphic to 'Y .

Theorem 16.1. Assume X =Y. Then X is connected iff Y is connected.

Theorem 16.2 (Intermediate value theorem). Suppose f : X — R is contin-
uwous. Assume X is connected. Let x,y € X and r € R such that r is between
f(x) and f(y). Then, there exists z € X such that f(z) =7
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Proof. Consider (—oo,r) and (r,00). Those are open in R, nonempty, and
disjoint. Let U = f=1((—o0,r)) and V = f~1((—o0,r)). These are also open,
nonempty, and disjoint. But X is connected so U,V can’t be a separation.
So UUV # X and hence 3z € X — (UUV). Then, f(z) ¢ (—oo,r) and
f(2) ¢ (r,00). Therefore, f(z) = r. O

Theorem 16.3. R is connected.

Proof. Suppose A C R is nonempty and bounded above. Then, there exists a
least upper bound M for A and any other upper bound M’ satisfies M < M’.
We write 4f or this LUB.

Suppose U,V is a separation of R. So there exists a € U and b € U. Then,
WLOG, we may assume a < b. Sets

UQZUO[CL,()]
Vo=V na,b]

form a separation of [a,b]. Notice Uy # @ and x € Uy satisfies © < b. So
C = sup(Up) exists. Then, c€ U or C € V. In fact, c > a and ¢ < bso c € Uy
or ¢ € V. Assume ¢ € Vp. Since Vjis open in [a, b] so there exists < ¢ such that
(d,c] € Vp. Note if z < g then x ¢ Uy because ¢ is an upper bound of Uy. This
implies that [¢,b] C V. Then,

(d,dU[e,b] C Vo = (d,b] C Vp.

But then d is an upper bound for Uy so ¢ < d. This is a contradiction.

Now, suppose ¢ € Uy. Then, Y} is open in [a,b]. Then, there exists e > ¢
such that [c,e) C Up. Let f = (e +¢)/2. Then, ¢ < f < e and f € [¢,e). Then,
f € Uy. Then, ¢ > f because it is an upper bound. This is a contradiction. [

Example 16.2. (—7/2,7/2) is connected.

Proof. tan~! : R — (—7/2,7/2) is a homeomorphism. O
Example 16.3. (0,1) = (a,b) if a < b.

Proof. f:(0,1) — (a,b) given by f(t) = (1 —t)a + b is a homeomorphism. O
Corollary 16.1. (0,1) is connected.

Corollary 16.2. (a,b) is connected for any a < b.

Recall that if A is connected then VA C B C A, B is connected. We apply
this with A = (a,b). Then, [a,b) or (a,b] or [a,b] are connected.

Corollary 16.3. Suppose I C R is a subspace. Then, I is connected if and
only if I =R or I is an interval or I is any of the follwowing:

(a,00), (—00,b), [a,00), (—o0, b].

Example 16.4. R™ — {0} is path-connected for n > 2.
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Proof. Let z,y € R" — {0}.

e (Case 1) The line ! passing through = and y does not contain 0. Then,
v :[0,1] = R™—{0} given by v(t) = (1 —t)z+ty has image in [ and hence
in R™ — {0}. So this is a path from x to y.

e (Case 2) 0 € I. Since n > 2, R® # R and R™ # [. So there exists
z € (R™ — {0}) — I. Define 7 : [0,1] — R™ — {0} by concatenating a path
from z to z with one from z to y.

O

Example 16.5. Write down a formula for the path that goes from x to z and
from z to y.

Definition 16.3. For n > 1, define the n-sphere:
S" = {(xo,T1,...,2n) ER"™™ |22 + 22+ 422 =1}
Lemma 16.1. S™ is path connected.

Proof. Consider
f:R*"—{0} > 95"

T —
]

where
o = yfag + -+ o

f is continuous and Im(f) = S™. Since R"*! — {0} is path-connected, so S™ is
path-connected. O

17 Compactness

Definition 17.1. Let X be a topological space. A cover of X is a collection A
of subsets of X whose union equals X. The cover A is open if all elements in
A are open in X.

Definition 17.2. If A is a cover of X, a subcover is A’ C A that is a cover of
X. A’ is an open subcover if it is an open cover.

Example 17.1. A’ = {B4(0,2n)|n € Z} is an open subcover of X.

Definition 17.3. X is a compact if every open cover of X has a subcover that
is finite (consists of a finite number of elements of the cover).

Example 17.2. R" is not compact.
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Proof. Consider A = {B4(0,n)|n € Z4}. This is an open cover. Suppose A C A
is a subcover that is finite. Then,

A" ={B4(0,n1), B4(0,n2), B4(0,n3), ..., Ba(0,nx)}
Let N = max{ni,no,...,ng}. Then,
(N,0,0,...,0) e R
is not in By(0,n1), B4(0,n2), ..., Bq(0,n). So A" is not a cover. O

Example 17.3. Prove that (0, 1] is not compact by considering

A{<i,1] |n€Z+}.

Example 17.4. X = {1} is compact.

Proof. Let A be any open cover. Then, 3A € A, so 1 € A. Then, A" = {A} is
a finite subcover. O

Example 17.5. X = {0} U{1/n|n € Z,} is compact.

Proof. Let A be an open cover. Then, 3A € A such that 0 € A. A is open in
the subspace topology so A = X NU where U C R is open. Then, 3N € Z so
1/n € UVn > N. Hence, 1/n € AVn > N. V1 <n < N, JA, € A such that
1/n € A,,. Then,

A ={A Aq,... AN}

is a finite subcover. O
Example 17.6. All closed intervals [a,b] C R where a,b € R are compact.

Theorem 17.1. Suppose X is compact and Y C X is closed. Then, Y is
compact.

Proof. Let A be an open cover of Y. Then, B=AU{X —Y} is an open cover
of X. Since X is compact, there exists finite subcover B’ C B. If {X —Y'} ¢ B’
then B’ is a finite subcover of A. If {X — Y} € B’ then simply omit this to get

B"=B -{X-Y}
a finite subcover of A. O

Theorem 17.2. Suppose X is Hausdorff and Y C X is compact. Then, Y is
closed in X.

Proof. Tt suffices to show that X —Y is open. Let z € X — Y. We want to find
open U C X —Y sox e U C X —Y. X is Hausdorff by assumption so Vy € Y,
there exists Uy, V,, € X open so U, NV, =@ and z € U, and y € V,,. Then,

A={V,NY|lyeY}

49



is an open cover of Y. So since Y is compact, there exists finite usbcover
A ={V, nY,....,V,, NY}

Then,
Uy, NUy, N---N Uy,

is open, contains X and so we are done. O

Theorem 17.3. Suppose X is compact and f : X — Y is continuous. Then,
Im(f) = f(Y) C Y

18 compact.

Proof. Let A be an open cover of Im(f). Then, write
A= {Aa}aeJ
Since A, is open in Im(f), we can write
As = By NIm(f)
where B, is open in Y. Then, f~(B,) C X is open in X so

{/71(Bo)la € J}

is an open cover of X. Then,

{AOCU""AOLN}
is a finite subcover of Im(f). O

Example 17.7. Show that compactness is a topological property. If X 2Y
then X is compact if and only if Y is compact.

Proof. Assume X = Y, so there exists homeomorphism f : X — Y. Assume
X in compact. Then, Im(f) is compact. But then, Im(f) = Y. So Y is
comapct. Conversely, use the same argument with f~! : ¥ — X which is a
homeomorphism. O

Example 17.8. Suppose X is compact, Y is Hausdorff, and f : X — Y is
bijective and continuous. Then, f is a homeomorphism. (Hint: it suffices to
show that f(C) is closed for all closed C' C X).

Proof. To show that the hint is valid, show that f~! is continuous. Then,
(f~H71(C) = f(C). Suppose that the hint is true. Suppose C is closed. Then,
C' is compact and f(C) is comapct. Furthermore, f(C) is closed. O

Definition 17.4. Suppose A is a collection of open sets in X andY C X is a
subspace. Then, A is a cover of Y if

YQUA

AeA
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Lemma 17.1 (Tube lemma). Given

N
{LC} xY - U Az,j
j=1

and Y compact, there exists W, C X open so
N
{g} x Y CW, xY C | As
j=1

Proof. Since each A, ; is open, Yy € Y, there exists U, x V;, C X x Y such that

(xz,y) e U, x V, C UAIJ

Then, {U, x V,|ly € Y} is an open cover of {z} x Y, implying that there exists
a finite subcover, which we can write

Uy, X Vs Uy X Vi }

Then, lte
Wy =Uy, N---NUy,,.

This satisfies the condition of the lemma. O
Theorem 17.4. Suppose X and Y are compact. Then, X XY is compact.

Proof. Let A be an open cover of X x Y. Fix x € X. Then, {z} xY 2 Y so
{z} x Y is compact. A is a cover of {x} x Y. So there exists a finite subcover

{Ax,laAw,27 ceey Am,N} - A
Note that Vo € X, the tube lemma gives an open W, C X with x € W,. Then,
W,z e X}

is an open cover of X. Then, X compact implies that there exists finite subcover

{Wayy oo s Wa, b
Then,
{Ap 1, A0, 2, Agy N
Aacg,la Aacg,Qa ey Aafg,N
A$L717A$L727 e )AZL,N}
is a finite subcover of z x Y. O

Corollary 17.1. Suppose X1,...,X, are compact. Then, X1 X -+ X X,, is
compact.
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Proof. We use the previous theorem and induction on n. When n = 1, the
statement is obviously true. If X; is compact, then X; is compact. Now,
assume the result is holds for n — 1. Let X;,..., X, be compact. Then,

Xy x - X1
is compact. Then,
XixXpaxXp=(X1 x - x X, 1) x X,
is compact by the theorem. O

Example 17.9. Suppose { X, }ae is a collection of compact sets. Is [[,c; Xao
compact with the product topology? Depends on the axiom, this may not be
true. If we assume the axiom of choice, then, by Tychonoff, this is true. Axiom
of choice states that you can make an infinite number of arbitrary choices.

Example 17.10. Let X be compact and f : X — R be continuous. The f
achieves a maximum and a minimum. That is, there exists ¢,d € X so that

flo)< flx) < fd) Vo e X

Proof. Suppose there does not exist a maximum. In other words, for all d € X,
there exists © € X such that f(x) > f(d). Since X is compact, so f(x) is
compact. Consider

{(=o0, f(z)) |2 € X}

Since f has no max, this is an open cover of f(X) = Im(f). Then, there exists
a finite subcover:

{(=00, f(z1)),..., (=00, f(zn))}.

Let f(x.) be the maximum of

{f(@1),..., flan)}-

Then,
N
fX) < U(*Oo,f(iﬂj)) = (=00, f(z+)).
So f(zs) € f(X) but f(z.) ¢ (—o0, f(z.)). This is a contradiction. O

Theorem 17.5. Va,b € R, the closed interval [a,b] is compact.
Proof. We amy assume a < b. Let A be an open cover of [a,b]. Consider
C ={c€a,b] | [a,c] can be covered by a finite subcollection of A}
We want to show that b € C. To show this is true, we are going to show (1)

C # @, (2) C is open and (3) C is closed. These imply C = [a, b] because [a, b] is
connected.

92



(Proof of claim 1) Since A covers [a, b], there exists A € A so a € A. Hence,
[a,a] is closed by {A} C A. So a €C.
(Proof of claim 2) Let ¢ € C. Our goal is to find § > 0 such that

ce(c—d,c+3d)Na,b] CC.
Then, A € Aso c€ A. Since A is open in [a, b], there exists § > 0 such that
(c—d,c+9d)NJa,b] C A.

Let z € (¢ —d,c+6) NJa,bl. If z < ¢, then [a,z] C [a,c] and so is covered by
whatever subcover that covers [a,c]. If z > ¢, then take the finite subcover for
[a, b] together with A to get z € C.

(Proof of claim 3) Suppose {¢,} C C and ¢, — ¢ € [a,b]. We want to show
that c € C. O

18 Special topics

18.1 Manifolds and surfaces

Definition 18.1. An m-manifold is a topological space M that satisfies:
1. M is Hausdorff.

2. M has a countable basis for its topology (if M is compact, this automati-
cally hold by 3).

3. Yz € M, 3 open set containing x that is homeomorphic to an open set in
R™.

Definition 18.2. 1-manifold is called a curve.

Definition 18.3. 2-manifold is called a surface.

Example 18.1. R™ is an m-manifold.

Example 18.2. If U C R™ is open, then U is an m-manifold.
Example 18.3. An empty set is an m-manifold for any m.

Example 18.4. S™ is an n-manifold (n € Z; U {0}). When n = 1, for any
x # (0,1), we can construct a homeomorphism ¢ : S* — {(0,1)} — R, also
known as stereographic projection.

Example 18.5. Consider the set

{(z,y)ly = 0} U{(z,y)[z = 0} C R?

is not a manifold. Consider (z,y) = (0,0). Then, any open set around this
point cannot be homeomorphic to any open subset of R™.
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Example 18.6. See Exercise 5 in Section 36 for an example of something
satisfying conditions 2 and 3 but not 1.

Remark. Being a manifold is a topological property. Suppose M is an m-
manifold and M = N. Then, N is an m-manifold.

Example 18.7. If M is an m-manifold and N is an n-manifold, then M x N
is an m + n-manifold.

Proof. Conditions 1 and 2 follow immediately from 1 and 2 for M and N. To
prove the third condition, let (z,y) € MxN. Then, there exists an open set U C
M containing x and U’ C A containing y. Then, consider homeomorphisms

¢:U—VCR™
¢ U >V CR"

Then,
px¢ UxU =V xV CR™™
(s,1) = (6(s),¢'(1))
is a homeomorphism (its inverse is ¢! x (¢’)~!) and (z,y) € U x U'. O

General goal is to classify all m-manifolds. Let’s try it with 1 manifolds.
First, we can try to write down some examples. S' and R are manifolds. In
fact, any closed paths are 1-manifolds. In general, we would call this embedding
on R2. An open interval (a,b) and any open path is a 1-manifold. We can even
take some unions of manifolds.

Even if we focus on connected ones, we get a lot of manifolds. If we only
consider up to homeomorphism, it seems like we only have two. So we can try
to make a conjecture: If M is a connected 1-manifold, then M =2 R or M = S,
So R and S! are the only connected 1-manifolds up to homeomorphism. In fact,
this statement is true.

Example 18.8. What does it mean to ”classify” something (or a collection of
things)?

Example 18.9. Write down 3 compact, connected surfaces that are not mutu-
ally homeomorphic.

Example 18.10 (Daley’s conjecture). If X is a compact, connected surface,
then X is a homeomorphic to one of the following:

S2,. T2, T?#T?, T?*#T>H#T?

Suppose S1 and Sy are surfaces. Fix points p; € S1 and py € S; and open
balls p; € By C S; and pa € By C Sy. Notice §B; = S = §Bs.

Definition 18.4. Define an equivalence relation on X by p ~ q iff p = q or
p € 65(S1 — B1) and q € §(Sy — Ba). These give the same point in S*.
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Definition 18.5. Let ~ be an equivalence relation. Define

X/ ~ = {equivalence classes of ~ on X}
= {lpllp € X}
Definition 18.6. S|#5 is the connected sum.

Consider surjection 7 : * — X/ ~ given by p — [p]. Say U C X/ ~ is
open if and only if #=}(U) C X is continuous. Then, 7 is continuous and = is
a quotient map P as in section 22.

Theorem 18.1. If Sy and Ss are connected (respectively compact) then S1# S
is connected (respectively compact).

The homeomorphism class of S;#.S5 is independent if S; and S are con-
nected.

Example 18.11. The surface in the previous examples are distinct up to home-
omorphism.

Definition 18.7. Let X be a topological space with xog,x1 € X. Given I = [0, 1],

suppose
vy:I—-X

NI X

are paths from xg to x1. Then, v and v are path-homotopic if there exists
continuous function

F:IxI—X
satisfying
o F(s,0) =~(s)
o F(s,1) =+/(s)
e F(0,t) =z
o F(1,t) =1

If such F' exists, we write y =, ~'

Proposition 18.1. Path homotopy is an equivalence relation in the space of
paths from xg to xy.

Proof. First, we want to show that v = ~. Define F(s,t) = y(s). Then, this is
a path homotopy.
Second, we want to show symmetry:

1=y = Y

Let F: I x I — X be a path homotopy from v to 7. Let G : I x I — X be the
map such that G(s,t) = F(s,1 —¢). Then,
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o (&
o (&

Hence, 7' =, 7.
Finally, suppose v 2, 7/ and 4! =, v/. Let F and G be path homotopies
from v to 7/ and 4 to 4" respectively. Define

H:IxU—X
by
1
R A b
Then, H is a path-homotopy from « to v”. O

Definition 18.8. A loop based at x¢g € X is a path in X from xqy to xg.

Definition 18.9. The fundamental group of X with base point xg is
m1 (X, z0) = {[7]|y is a loop in X based at xo}

where [v] = {¥'|v =, v’} is the equivalence class at vy relative to =,.

Example 18.12. Consider X = R” with g = 0. Let 7,+’ be any two loops.
Then, v =, +'. So 71 (R",0) has one element.

Proof. Define F': I x I — R™ such that

F(s,t) = (1 —t)y(s) +t7(s).

Definition 18.10. A group is a set G together with a function
GxG—G
(9, ) = gh
satisfying
o (Associativity) (g-h)-h=g-(h-f) for any g,h, f € G
e (Identity) Je € G such that g-e=e-g=g¥g € G.

1 1

o (Inverse) If g € G, there exists g~ € g such that g- g1 =g '-g=g.

Example 18.13. Consider G = 7Z with operation addition. Then, this is a
group.
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Example 18.14. G = Z is not a group because it does not have an inverse.

Example 18.15. Consider G = Z x Z with (m,n)-(m/,n’) = (m+m/,n+n').
This is a group.

Example 18.16. G = {0,1} with addition under modulus 2 is a group.

Now, we define binary operation in fundamental group
’/Tl(X,il'()) X 7T1(X, (E()) — 7T1(X,[L’0)
as follows.

Definition 18.11. Suppose v,~' are loops base at xy. Define

v(2s 0<s<1/2
v#7'(s) = E) /
v(2s) 1/2<s<1
Proposition 18.2. If v9 =, v1 and v =p 71, then Yo * 11 =p 76 * 71
Corollary 18.1. There is a well-defined map
7T1(X,£C0) X 7T1(X, (E(]) — 7T1(X,{E())
(T by 9]

Example 18.17. Klein bottle is not homeomorphic to T2 or any number of
connected sums of T2.

Theorem 18.2. 71(X,xg) with * is a group.

Proof. Define e : [0,1] — X where e(t) = zg. Then, [¢] € m1(X,z). Then, if
[f] € 7T1(X7 LU()), then

o 1/2<s<1.

f*e{f@g 0<s<1/2

Then, fxe2, f. So [f*e] = [f].
Now, we want to find its inverse. Let [f] € m1(X,x). Define

f:0,1] =X

where f(s) = f(1—s). Then, f* f =, fxf=,e. So[f]~!=[f]. O

Definition 18.12. If (G, *) and (H, x) are two groups, we say they are isomor-
phic if there exists bijection ¢ : G — H so that

p(axb) = ¢(a) * ¢(b)
for all a,b € G.
Theorem 18.3. If X XY, then m1(X, xg) is isomorphic to (Y, yo)-
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Example 18.18. 71(S5?) = {1}. In other words, Every loop in S? can be path
homotoped to the constant path.s21s

Example 18.19. m(T?) 2 7Z x Z.
Example 18.20. We can conclude that T2 = S? since 7 (S?) % m1(T7).
Example 18.21. It turns out that if g # h and g,h € Z,, then
(T2 #T%) 2 m (T4 #T7)
9 h

because
T2 T2 £ T2 HT?

g h

Example 18.22 (Conjecture).

e If X is a compact, connected surfaces, then X is homeomorphic to one of
S2.T2, T2 #7172, ...

e If XY are two distinct elements of 1 then X 2 Y.
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